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Introduction 



Topological quantum field theory ||104|| has become a very fruitful link between physics 
and mathematics. In four dimensions, it provides an extremely powerful framework to 
apply and test different ideas emerged in the context of duality as a symmetry of extended 
supersymmetric gauge theories. Two salient examples are the introduction of the Seiberg- 
Witten invariants [|7^ [|11(J|| , and the strong coupling test of S'-duality carried out by Vafa 
and Witten |[10CI|| from the analysis of a twisted version of the A/" = 4 supersymmetric gauge 
theory. Subsequent generalizations in the framework of the Seiberg- Witten invariants have 
enriched the physics [0 0] 17| @ H as well as the mathematical literature 



The origin of these connections can be traced back to the work of Donaldson in the 
early eighties. Donaldson addressed the problem of classifying differentiable structures on 
four-manifolds by studying classical non-Abelian gauge theory. He introduced the cele- 
brated Donaldson invariants, which are invariants of the diffeomorphism type of smooth 
four-manifolds, and which are defined as cohomology classes on instanton moduli spaces 
28||2|]. 

In 1988, Edward Witten made a decisive contribution to the field with his work on 
Donaldson theory from the point of view of quantum field theory ||104|| . He showed 
that in a twisted version of the M = 2 supersymmetric gauge theory, now known as the 
Donaldson- Witten theory, one can define certain correlation functions which are equivalent 
to the Donaldson invariants. His formulation was later reinterpreted by Atiyah and Jeffrey 
in a more geometrical setting, as the Mathai-Quillen representative of the Thom 
class of a vector bundle associated to the moduli space of instantons. 

The realization of the Donaldson invariants as correlation functions of a physical theory 
inmediately raises the question as to whether one can use physical methods to calculate 
them, and conversely, whether topological computations can be used to test assumed facts 
about the behaviour of physical models. This has been repeatedly shown to be the case 
in a series of works ^ [||] [|100| |lOl |lTo| . 

This thesis is intended to present a thorough analysis of the links between four di- 
mensional Af = 4 supersymmetric Yang-Mills theory and its topologically twisted coun- 
terparts. These theories appear as effective worldvolume theories on D3-branes and M5- 
branes wrapping supersymmetric cycles of higher dimensional exotic compactification 
and provide a promising arena for testing key ideas as field-theory du- 



manifolds El [32 



alities, large dynamics of supersymmetric gauge theories and, eventually, the recent 
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AdS-CFT conjecture 



For the = 4 theory, the topological twist can be performed in three different ways 



114], so one ends up with three different topological quantum field theories which, while 



living in arbitrary four- dimensional geometries, still retain some information about their 
physical origin. The way to unravel and at the same time take advantage of this con- 
nection between SYM theories and their twisted counterparts is as follows. The twisted 
theories are topological in the sense that the partition function as well as a selected set of 
correlation functions are independent of the metric which defines the background geom- 
etry. In the short distance regime, computations in the twisted theory are given exactly 
by a saddle-point calculation around a certain bosonic background or moduli space, and 
in fact the correlation funcions can be reinterpreted as describing intersection theory on 
this moduli space. This correspondence can be made more precise through the Mathai- 
Quillen construction and this topic was addressed in full generality for the A/" = 4 

theories in Unfortunately, it is not possible to perform explicit computations from 
this viewpoint: the moduli spaces one ends up with are generically non-compact, and no 
precise recipe is known to properly compactify them. 

A complementary approach which sheds more light on the structure of the twisted 
theories and allows explicit computations involves the long-distance regime, where one 
expects that a good description should be provided by the degrees of freedom of the 
vacuum states of the physical theory on IR^. If the physical theory admits an effective 
low-energy Seiberg-Witten description [^[^, it might appear that the answer for the 
twisted, topological theory should come by integration over the corresponding moduli 
space of vacua (the w-plane) of the physical model. This conjecture is indeed true, and has 
been recently put on a sound basis by Moore and Witten |^ , who have given the precise 
recipe for integrating over the u-plane. In the case of the pure M = 2 theory with gauge 
group SU{2), they have been able to reproduce well-known results in Donaldson theory. 
This approach is at the heart of the successful reformulation of the Donaldson theory 
in terms of the Seiberg-Witten invariants proposed by Witten in ||11CI|1 . The question 



immediately arises as to whether it is possible to carry out a similar computation for the 
twisted Af = 4 theories. 

While for the topological theories related to asymptotically free Af = 2 theories the 
interest lies in their ability to define topological invariants for four-manifolds, for the 
twisted A/" = 4 theories the topological character is used as a tool to perform explicit 
computations which may shed light on the structure of the physical A/" = 4 theory. This 
theory is finite and conformally invariant [Q, and is conjectured to have a symmetry 



exchanging strong and weak coupling and exchanging electric and magnetic fields |^ 



which extends to a full SL{2,'^) symmetry acting on the microscopic complexified cou- 
pling tq. It is natural to expect that this property should be shared by the twisted theories 
on arbitrary four-manifolds. This was checked by Vafa and Witten for one of the twisted 
theories and for gauge group SU{2) ||100|| , and it was clearly most interesting to extend 
their computation to higher rank groups and to the other twisted theories. In this con- 
text, the u-plane approach has been applied to the twisted mass-deformed A/" = 4 SYM 
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theory with gauge group SU (2) |5^. This theory is obtained by twisting the J\f = 4 SYM 
theory with bare masses for two of the chiral multiplets. The physical theory preserves 
M = 2 supersymmetry, and its low-energy effective description was given by Seiberg and 
Witten [Q. The answer for the twisted theory, which is a topological field theory with 
an arbitrary mass parameter, is given explicitly and completely in terms of the periods 
and the discriminant of the Seiberg- Witten solution of the physical model. The parti- 
tion function of the twisted theory transforms as a modular form and, as in the theory 
considered by Vafa and Witten, it is possible to sharpen the computations by including 
non-Abelian electric and magnetic 't Hooft fluxes which are exchanged under duality 
in the expected fashion. It is also possible to compute correlation functions for a selected 
set of operators, and these turn out to transform covariantly under SL{2, Z), following a 
pattern which can be reproduced with a far more simple topological Abelian model. All 
these resuts will be reviewed in chapter |. 

It would be very interesting, in the light of the AdS/CFT correspondence, to generalize 
these results to SU{N) gauge groups, but the generalization involves many non-trivial 
constructions which are only available for the pure M = 2 SYM theory [76|. On the other 
hand, the Vafa- Witten twist seems to be a far more promising example. In this case, 
however, the approach based on the Seiberg- Witten effective description is not useful, 
but, as conjectured by Vafa and Witten, one can nevertheless compute in terms of the 
vacuum degrees of freedom of the M = 1 theory which results from giving bare masses 
to all the three chiral multiplets of the A/" = 4 theory. As analyzed in detail in 



the twisted massive theory is topological on Kahler four- manifolds with ^ 0, and the 
partition function is invariant under the perturbation. Under certain general assumptions, 
the construction of Vafa and Witten can be generalized to SU{N) (at least when is 
prime), and the resulting formula turns out to satisfy all the required constraints pl[] . 
It is still not clear what the large A^ limit of this formula corresponds to on the gravity 
side, but the issue certainly deserves further study. These facts will be reviewed in great 
length in chapter |^. 

As for the third twisted A/" = 4 theory, no explicit results have been obtained so 
far, but some general features are known which constrain the structure of its topological 
observables. The theory is believed to be a certain deformation of the four-dimensional 
BP theory, and as such it describes essentially intersection theory on the moduli space 
of complexified fiat connections It has also been pointed out that the theory 

is amphicheiral, which means that it is invariant to a reversal of the orientation of the 
spacetime manifold. The terminology is borrowed from knot theory, where an oriented 
knot is said to be amphicheiral if, crudely speaking, it is equivalent to its mirror image 
||69|| . From this property it can be shown that the topological invariants of the theory 
are completely independent of the complexified coupling tq. All this will be reviewed in 
chapter ^. 

The organization of the thesis is as follows. In chapter ^ we present a general in- 
troduction to topological quantum field theories from a functional integral perspective. 
In chapter we briefly review the Mathai-Quillen formalism, with special emphasis on 
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those aspects which are relevant to the work presented here. Several excellent reviews are 
available [jlOl |13| , to which we refer the reader for details. In chapter ^ we review the 
structure of the Af = 4 theory and study its low-energy effective description for gauge 
group SU{2). We also comment on several aspects of electric-magnetic duality on arbi- 
trary four- manifolds. In chapter ^ we review the twisting of the Af = 4 theory and make 
several remarks about the structure of the twisted theories. We also discuss the connec- 
tion between topological quantum field theories and string theory. Chapters H, | and |^ 
deal with each of the twisted Af = 4 theories, both from the viewpoint of the twist and 
the Mathai-Quillen approach. They also include a thorough description of exact results 
for these theories where available. Many technical details are deferred to apendices at the 
end of each chapter. Finally, an appendix contains the conventions used throughout this 
work. 



Chapter 1 

Topological quantum field theory 



In this chapter we will study the general structure of topological quantum field theory 
(TQFT) from a functional integral point of view. The involved functional integration 
is not in general well defined but, as in ordinary quantum field theory, an axiomatic 
approach has been constructed 0, which we shall not attempt to review here. We will 
concentrate instead on a naive functional integral approach. Although not well defined in 
general, it is the approach which has shown to be more successful. 

The basic framework will consist of an n-dimensional Riemannian manifold X endowed 
with a metric g^y. On this manifold we will consider a set of fields {(pi}-, and a real 
functional of these fields S^cpi), which will be regarded as the action of the theory. We 
will consider operators Oa{4>i), which will in general be arbitrary functionals of the fields. 
In TQFT these functionals are labelled by some set of indices a carrying topological 
or group-theoretical data. The vacuum expectation value (vev) of a product of these 
operators is defined as the following functional integral: 

{Oa,Oa,---Oaj = J [D<f),]o^,{<j),)OaM)■■■OaM)^^p{-s{<l>^))■ (1-1) 

A quantum field theory is considered topological if it possesses the following property: 

^ (o,,o„,---a,) = o, (1.2) 



fJ,U 



i.e. if the vacuum expectation values (vevs) of some set of selected operators remain 
invariant under variations of the metric g^^i, on X. If such is the case, these operators are 
called observables. 

There are two ways to guarantee, at least formally, that condition ( p..2|) is satisfied. 
The first one corresponds to the situation in which both the action 5* and the operators 



Oa, are metric-independent. These TQFTs are called of the Schwarz type ||T0[- In the 
case of Schwarz-type theories one must first construct an action which is independent of 
the metric gf^^. The method is best illustrated by considering an explicit example. Let us 
take into consideration the most interesting case of this type of theories: Chern-Simons 
gauge theory ||105|] . The data in the Chern-Simons gauge theory are the following: a 
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differentiable compact three- manifold X, a gauge group G, which will be taken simple 
and compact, and an integer parameter k. The action is the integral of the Chern-Simons 
form associated to a gauge connection A corresponding to the group G: 



ScsiA) 



Ti\^AAdA+-AAAAA 



;i.3) 



Observables are constructed out of operators which do not contain the metric g^i,. In 
gauge-invariant theories, as is the case here, one must also demand that these operators be 
invariant under gauge transformations. The basic set of observables in the Chern-Simons 
gauge theory is provided by the trace of the holonomy of the gauge connection A in some 
representation R along a 1-cycle 7 in X, that is, the Wilson loop: 



TVk(Ho1^(A)) =Tr^Pexp [ A. 
The vevs are labelled by representations Ri and embeddings 7^ of into X: 



;i-4) 



(Trij,Pe-''^i ^ . . . TrK„Pe^^" " / l^^l^Ri'^^^'" ^ • • • TrR„PeAn \§Scs(A)_ (^^ 5^ 



A non-perturbative analysis of the theory [|105|| shows that the invariants associated to 
the observables ( |1.5| ) are knot and link invariants as the Jones polynomial |^ and its 
generalizations. The perturbative analysis has confirmed this result and has shown to 
provide a very useful framework to study the Vassiliev invariants (see for a brief 

review.) 

These 



Another important set of TQFT of the Schwarz type are the BF theories 



can be formulated in any dimension and are believed to be, as the Chern-Simons gauge the- 
ory, exactly solvable quantum field theories. We will not describe them in this work. They 
have recently acquired importance since it has been pointed out that four-dimensional 



Yang-Mills theories could be regarded as a deformation of these theories [19 



The second way to guarantee ( |1.2| ) corresponds to the case in which there exists a 
symmetry, whose infinitesimal form will be denoted by 6, with the following properties: 



0, 



T 



5G„ 



where T^jj[(f)i) is the energy-momentum tensor of the theory, i.e. 

5 



T, 



and G^y{(j)i) is some functional of the fields 



5(0. 



;i.6) 



;i-7) 



The fact that 5 in ( [L.6|) is a sjTumetry of the theory means that the transformations 
of the fields are such that both SS{(f)i) = and 60a{4>i) = 0. Conditions ( |1.6| ) lead, 
at least formally, to the following relation for vevs: 



5g- 



On 



■a 



0- 

i)G'^,,exp ( 



(f)i)T^,yexp ( - S{(f)i)) 
S{<Pi)))=0, (1.8) 
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which imphes that the quantum field theory can be regarded as topological. In (|1.8|) it has 
been assumed that the action and the measure [-D0j] are invariant under the symmetry 
6. We have also assumed in ( p..8| ) that the observables are metric- independent. This is a 
common situation in this type of theories, but it does not have to be so. In fact, in view 
of (|1.8|), it would be possible to consider a wider class of operators satisfying: 



-a 



60 



;i.9) 



with O^'^(0i) a certain functional of the fields of the theory. 



This second class of TQFTs is called cohomological or of the Witten type 
Its most celebrated representatives are the four-dimensional Donaldson- Witten theory 
104|| , which can be regarded as a certain twisted version of the M = 2 supersymmetric 
Yang-Mills theory, and the two-dimensional topological sigma models ||106|| , which are 
also twisted versions of the conventional M = 2 sigma model. In fact, all the twisted 
supersymmetric quantum field theories are topological field theories of this type. 

It is important to remark that the symmetry 5 must be a scalar symmetry. The reason 
is that, being a global symmetry, the corresponding generator must be covariantly constant 
and for arbitrary manifolds this property, if satisfied at all, implies strong restrictions 
unless the generator is a singlet under the holonomy of the manifold. 

Most of the TQFTs of cohomological type satisfy the relation: 



5(0,)=5A(0,), 



;i.io) 



for some functional A(0j). This has far-reaching consequences, for it means that the 
topological observables of the theory (in particular the partition function itself) are in- 
dependent of the value of the coupling constant. Indeed, let us consider for example the 
vev: 

■ ■ ■ = j [Dct>,]0^,{<Pi)0^,{<Pi) ■ ■ ■ exp . (1.11) 

Under a change in the coupling constant, 1/e^ — > 1/e^ — A, one has (assuming that the 
observables do not depend on the coupling), up to first order in A: 



+A j 



02 VV^«; 



■a 



,)A(0i)exp --5(0,) 



1.12) 



Hence, observables can be computed either in the weak coupling limit, e — 0, or in the 
strong coupling hmit, e — > cxo. 

So far we have presented a rather general definition of TQFT and made a series of 
elementary remarks. Now we will analyse some aspects of its structure. We begin by 
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pointing out that given a theory in which ( |1.6|) holds, one can build correlators which cor- 



respond to topological invariants (in the sense that they are invariant under deformations 
of the metric g^^) just by considering the operators of the theory which are invariant un- 
der the symmetry. We will call these operators observables. Actually, to be more precise, 
we will call observables to certain classes of those operators. In virtue of eq. (|1.8|) , if one 
of these operators can be written as a symmetry transformation of another operator, its 
presence in a correlation function will make it vanish. Thus we may identify operators 
satisfying (|1.6| ), which differ by an operator which corresponds to a symmetry transforma- 
tion of another operator. Let us denote the set of the resulting classes by {$}. Actually, 
in general, one could identify bigger sets of operators since two operators of which one 
does not satisfy ( |1.6| ) could lead to the same invariant if they differed by an operator 
which is a symmetry transformation of another operator. For example, consider O such 
that SO = and O + ST. Certainly, both operators lead to the same observables. But 
it may well happen that S'^T ^ and therefore we have operators, which do not satisfy 
( |1.6| ), that must be identified. The natural way out is to work equivariantly, which in this 
context means that one must consider only operators which are invariant under both 5 
and S'^. It turns out that in most of the cases (and in particular, in all the cases that we 
will be considering) 6"^ is a gauge transformation, so in the end all that has to be done is 
to restrict the analysis to gauge-invariant operators, a very natural requirement. Hence, 
by restricting the analysis to the appropriate set of operators, one has in fact, 

6^ = 0. (1.13) 



Property ( 1.13| ) has striking consequences on the features of TQFT. First, the sym- 



metry must be odd, which implies the presence in the theory of commuting and anti- 



commuting fields. For example, the tensor G^^/ in ( p..6|) must be anticommuting. This is 
the first appearance of an odd non-spinorial field in TQFT. Those kinds of objects are 
standard features of cohomological TQFTs. Secondly, if we denote by Q the operator 
which implements this symmetry, the observables of the theory can be described as the 
cohomology classes of Q : 

m = Q' = 0. (1.14) 

Equation ( |1.6| ) means that in addition to the Poincare group the theory possesses a 
symmetry generated by an odd version of the Poincare group. The corresponding odd 
generators are constructed out of the tensor G^y in much the same way as the ordinary 
Poincare generators are built out of T^^. For example, if represents the ordinary 
momentum operator, there exists a corresponding odd one such that 

P, = {Q,G,}. (1.15) 

Let us discuss the structure of the Hilbert space of the theory in virtue of the symme- 
tries that we have just described. The states of this space must correspond to representa- 
tions of the algebra generated by the operators in the Poincare group and Q. Furthermore, 
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as follows from the analysis leading to (|1.14|) , if one is interested only in states |\E') leading 



to topological invariants, one must consider states that satisfy 

Q\^)=0, (1.16) 

and two states which differ by a Q-exact state must be identified. The odd Poincare 
group can then be used to generate descendant states out of a state satisfying ( [1.161 ). The 
operators act non-trivially on the states and in fact, out of a state satisfying ( |1.16| ), 
we can build additional states using this generator. The simplest case consists of 



71 



G,\^), (1.17) 
where 71 is a 1-cycle. One can easily verify using ( |1.6| ) that this new state satisfies ( |1.16[ ): 



Q [ G,\^)= I {Q,G,m= I P,\^) = Q. (1.18) 
J 71 J 71 J 71 



Similarly, one may construct other invariants by tensoring n operators and integrating 
over n-cycles 7„: 

f G,,G,,...G,M- (1-19) 

Notice that since the operator is odd and its algebra is Poincare-like the integrand 
in this expression is an n-form. It is straightforward to prove that these states also 
satisfy condition ( |1.16 ). Therefore, starting from a state l^') G kerQ we have built a 



set of partners or descendants giving rise to a topological multiplet. The members of a 
multiplet have well defined ghost Ymmbei. If one assigns ghost number —1 to the operator 
G^, the state in (|1.19| ) has ghost number —n plus the ghost number of |\E'). Of course, 
n is bounded by the dimension of the manifold X. Among the states constructed in this 
way there may be many which are related via another state which is Q-exact, z.e. which 
can be written as Q acting on some other state. Let us try to single out representatives 
at each level of ghost number in a given topological multiplet. 

Consider an {n — l)-cycle which is the boundary of an ra-dimensional surface, 7n-i = 
dSn- If one builds a state taking such a cycle one finds (P^ = —id^j) 

I G,,G,,...G,^_M=^ [ Pi,,G,,fi,.,...G,jm)=iQ I G,,G^,...G^Jv^), (1.20) 



i.e. it is Q-exact. The symbols [ ] in (|1.20|) denote that all indices between them must 



by antisymmetrized. In ( 1.201) use has been made of ( 1.15| ). This result tells us that the 



representatives we are looking for are built out of the homology cycles of the manifold 
X. Given a manifold X, the homology cycles are equivalence classes among cycles, the 
equivalence relation being that two n-cycles are equivalent if they differ by a cycle which 
is the boundary of an [n + l)-dimensional surface. Thus, knowledge of the homology 
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of the manifold on which the TQFT is defined allows us to classify the representatives 



among the operators ( p..l9| ). Let us assume that X has dimension d and that its homology 
cycles are ■ji^, in = 1, (i„, n = 0, ...,d, dn being the dimension of the n-homology group, 
and d the dimension of X. Then, the non-trivial partners or descendants of a given 
highest- ghost-number state |\E') are labelled in the following way: 



tji 1, dfi-, ri 0, ci. 



(1.21) 



A construction similar to the one just described can be made for fields. Starting with 
a field Mx) which satisfies 



[Q,0(x)] = O, 



(1.22) 



one can construct other fields using the operators G^. These fields, which we will call 
partners or descendants, are antisymmetric tensors defined as 



(n) 



/ll/X2...At,i 



X] 



1 



[G^„[G^,...[G,„,0(x)}...}}, 



n = 1 d. 



;i.23) 



Using ( |1.15|) and (|1.22|) one finds that these fields satisfy the so-called topological descent 
equations: 



;i.24) 



where the subindices of the forms have been suppressed for simplicity, and the highest- 
ghost-number field (f){x) has been denoted as 0^°''(a;). These equations enclose all the 
relevant properties of the observables which are constructed out of them. They constitute 
a very useful tool to build the observables of the theory. Let us consider an n-cycle and 
the following quantity: 



(n) 



1.25) 



7n 



The subindex of this quantity denotes the highest-ghost-number field out of which the 
form (/)^") is generated. The superindex denotes the order of such a form as well as the cycle 
used in the integration. Using the topological descent equations ( |1.24| ) it is immediate to 
prove that W^"'' is indeed an observable: 



;i.26) 



Furthermore, if 7„ is a trivial homology cycle, 7„ = dSn+i, one obtains that pyj^"-* is 
Q-exact: 



W. 



J Sn + l 



dn+l) 



Sn+l 



1.27) 
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and therefore its presence in a vev makes it vanish. Thus, similarly to the previous analysis 
leading to (|1.21|) , the observables of the theory are operators of the form ( p. .251 ): 

2„ = l,...,rf„, n = 0,...,rf, (1.28) 

where, as before, dn denotes the dimension of the n-homology group. Of course, these 
observables are a basis of observables, but one can make arbitrary products of them, 
leading to new ones. 

One may wonder at this point how it is possible that there may be observables which 
depend on the space-time position x and nevertheless lead to topological invariants. For 
example, an observable containing the zero form seems to lead to vevs which 

depend on x, since the space-time position x is not integrated over. A closer analysis, 
however, shows that this is not the case. As follows from the topological descent equa- 
tion ( p..24| ), the derivative of (f)^^\x) with respect to x is Q-exact and therefore such a 
vev is actually independent of the space-time position. This is completely analogous to 
the situation in conventional supersymmetric gauge theories, where it is well-known ^ 
that certain correlation functions (as the gaugino condensate) are independent of spatial 
separation and can be computed in either the short or long distance limits. 



Topological quantum field theory 



Chapter 2 

The Mathai-Quillen formalism 



TQFTs of the cohomological type are conventionally characterized by three basic data: 
fields, symmetries, and equations [llO| pO||T07[| . The starting point is a configuration space 



A4, whose elements are fields 0j defined on some Riemannian manifold X. These fields 
are generally acted on by some group Q of local transformations (gauge symmetries, 
or a diffeomorphism group, among others), so that one is naturally led to consider the 
quotient space A4/Q. Within this quotient space, a certain subset of special configurations 
or moduli space, TWo, is singled out by a set of equations s(0j) = 0: 

Mo = {(pieM\si(Pi) = 0}/g. (2.1) 

This moduli space is generically finite-dimensional. The crucial aspect of topological field 
theories is that the path integral localizes to these configurations 

V(pie-^^^''> — > [ ■•• , (2.2) 

M J Mo 

and this makes it possible to express partition and correlation functions as finite dimen- 
sional integrals over the moduli space. 

In standard supersymmetric theories, this type of special configurations typically arise 
as supersymmetric or BPS configurations, which are characterized by the property that 



they preserve a certain fraction of the supersymmetries ||8^. For example, in M 



supersymmetric gauge theories, the supersymmetry variation of the gaugino reads 

= F.^Y'^e, (2.3) 

so that for e satisfying e = 756 we find that instanton configurations with = are 
invariant under half of the supersymmetries, while the other half generate fermion zero 
modes in the instanton background. In cohomological field theories a similar mechanism 
works: the moduli space is defined as the fixed point set of the topological symmetry 6 



108|| . Within this framework, 6 furnishes a representation of the ^-equivariant cohomol- 
ogy on the field space. When Q is the trivial group, 6 is nothing but the de Rham (or 
exterior differential) operator on the field space. 
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The next step consists of building the topological theory associated to this moduli 



problem. We will do this within the framework of the Mathai-Quillen formalism ^1 



This formalism is the most geometric of all the approaches leading to the construction 
of TQFTs. It can be applied to any Witten-type theory. It was first implemented in 
the context of TQFT by Atiyah and Jeffrey 0, and later further developed in two works 
r^JpO]. The basic idea behind this formalism is the extension, to the infinite-dimensional 



case, of ordinary finite-dimensional geometric constructions. Soon after the formulation of 
the first TQFTs it became clear that the partition function of these theories was related 
to the Euler class of a certain bundle associated to the space of solutions of the basic 
equations of the theory. In the finite-dimensional case there are many different, though 
equivalent, forms of thinking on the Euler class, which we will recall bellow. The Mathai- 
Quillen formalism basically consists of generalizing one of these forms to the infinite- 
dimensional case. In what follows we will give a brief account of the fundamentals of the 
construction. For further details, we refer the reader to |]l3l |^ , where comprehensive 
reviews on this approach are presented. 



2.1 Finite-dimensional case 

Let X be an orientable, boundaryless, compact n-dimensional manifold. Let us consider 
an orientable vector bundle S ^ X of rank rk(£^) = 2m < n over X. For completeness we 
recall that a vector bundle S, with a 2m-dimensional vector space F as fibre, over a base 
manifold X, is a topological space with a continuous projection, it : S ^ X, such that 
Vx G X, 3 f/j; C X, open set, x G Ux, £^ is a product space, Ux x F, when restricted to Ux- 
This means that there exists a homeomorphism ip : Ux x F ^ 7i^^{U) which preserves 
the fibres, i.e.n{ip{x, /)) = x, with f E F. 

There exist two complementary ways of defining the Euler class of S, e{S) G H'^"^{X): 

1. In terms of sections. A section s of £^ is a map s : X ^ S such that tt{s{x)) = x. 
A generic section is one which is transverse to the zero section, and which therefore 
vanishes on a set of dimension n — 2m. In this context e{S) shows up as the Poincare 
dual (in X) of the homology class defined by the zero locus of a generic section of 

2. In terms of characteristic classes. The approach makes use of the Chern-Weil theory, 
and gives a representative e\/{S) of e{S) associated to a connection V in £: 

ev(^) = (27r)-™Pf(^]v), (2.4) 

where Pf(nv) stands for the Pfaffian of the curvature fiy, which is an antisymmetric 
matrix of two- forms. The representative ev(i^) can be written in "field-theoretical" 
form: 

ev(^) = i2n)-"' [ rfxe^^"^^'^^ (2.5) 
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by means of a set of real Grassmann-odd variables Xa, a = 1, . . . , 2m, satisfying the 
Berezin rules of integration: 

dXaXb = Sab- (2.6) 

If Tk{S) = 2m = n = dim(X), one can evaluate e{£) on X to obtain the Euler number 
of £ in two different ways: 

x{£) = (±1)' 



Xi£) = /ev(^). 

(2.7) 



X 



In the first case, one counts signs at the zeroes of a generic section (notice that in this case 
a generic section has a zero locus s{x) = consisting of a finite set of isolated points.) In 
the second case, one integrates the differential form ( |2.4| ) over X. Of course, both results 
coincide, and do not depend either on the section s (as long as it is generic) or on the 
connection V. When 2m < n one can evaluate e{£) on 2m-cycles or equivalently take the 
product with elements of if"~^'^(X) and evaluate it on X. 

In the particular case that £ = TX the expression x(^) = X]xs,-s(xfc)=o(='=-'-)' which gives 
the Euler number of the base manifold X, can be generalized to a non-generic vector field 
V (which is a section of the tangent bundle) 

X{X) = x(Xy), (2.8) 

where Xy is the zero locus of V, which is not necessarily zero-dimensional. 

In this framework the Mathai-Quillen formalism gives a representative of the Euler 
class esy{£), which interpolates between the two approaches described above. It depends 
explicitly on both a section s and a connection V on £^: 

e,,v(^) e [ei£)l 

Xi£) = [ esyi£), (if 2m = n). (2.9) 



X 



The construction of es,v is given by the formalism. First, it provides an explicit repre- 
sentative of the Thom class [|16|, ^{£), of £. Let £ X he a. vector bundle of rank 2m 



with fibre F, and let us consider the cohomology of forms with Gaussian decay along the 
fibre. By integrating the form along the fibre, one has an explicit isomorphism (the Thom 
isomorphism) between k forms over £ and k — 2m forms over X. This isomorphism can 
be made explicit with the aid of the Thom class, whose representative ^{£) is a closed 
2m-form over £ with Gaussian decay along the fibre such that its integral over the fibre is 
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unity. In terms of this form, and given any arbitrary p-form tu over X, its image under the 
Thom isomorphism is the p + 2m form tt*{uj) A ^{S), which by construction has Gaussian 
decay along the fibre. vr*(co') is the pull-back of u by the projection n : S ^ X. If s is 
any section of S, the pull-back of the Thom form under s, s*^{S), is a closed form in 
the same cohomology class as the Euler class e{S). If s is a generic section, then s*^{S) 
is the Poincare dual of the zero locus of s. Mathai and Quillen constructed an explicit 
representative, ^^{S), of the Thom form in terms of a connection V in S. Its pull-back 
by a section s, es,v{S) = s*^\r{£), is represented as a Grassmann integral: 

esyiS) = {271)'"' J rf;^e-^l^l'+5^'"<»+'^"''>^^ (2.10) 



As a consistency check, note that, as follows from ( p. 51) , es=o,\7{£) = e\'{£), i.e. the 
pull-back of the Mathai-Quillen representative by the zero section gives back the Euler 
class of S. es,\/{S) is a closed 2m-form. This can be verified after integrating over the 
Grassmann-odd variables Xa- It is closed because the exponent is invariant under the 
transformations 

(5s = Vs, 5xa = iSaix). (2.11) 

These transformations square "on-shell" (that is, using the x equation of motion iVs" = 
f2y Xfe) to rotations by the curvature matrix fiy? 

6^'^ = n^^s,, = n^^Xb. (2.12) 



The Mathai-Quillen representative (|2.10|) interpolates between the two different ap- 



proaches to the Euler class of a vector bundle described above. This statement can be 
made more precise as follows. The construction of es,v(^) is such that it is cohomologous 
to e\r{S) for any choice of a generic section s. Take for example the case n = 2m, and 
rescale s 7s. Nothing should change, so in particular: 

X{S) = [ e,sy{S). (2.13) 



X 



We can now study (|2.13| ) in two different limits: 

1. Limit 7^0: after using (U), x{£) = (27r)^'^ / Pf(^^v)• 
2. Limit 7 00: the curvature term in ( |2.10| ) can be neglected, and the integration 
in ( |2.10| ) localizes to a finite sum over the "moduli space" s{x) = 0, leading to 
x(^) = '^x^:■s{xk)=o(^'^)■ These signs are generated by the ratio of the determinants 
of Vs and its modulus, which result from the Gaussian integrations after expanding 
around each zero Xk. 

This localization property can be restated in terms of the Grassman odd scalar sym- 
metry 6. Notice that the fixed point of the symmetry transformations ( |2.11| ) is the set 



Sa{x) = = Vs, which is precisely the moduli space to which the integration ( |2.13[ ) 



localizes. This is a simple realization of the general result due to Witten ||108|| that we 
mentioned above. 
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2.2 Infinite-dimensional case 

We now turn into the study of the infinite-dimensional case. The main comphcation 
that one finds in this case is that e{S) is not defined. By taking advantage of what we 
have learned so far, we could try to generalize the Mathai-Quillen formalism to define 
something analogous to an Euler class for S. It turns out that this is actually possible, 
and the outcome of the construction is what is called a regularized Euler number for the 
bundle £. Unfortunately, it depends exphcitly on the section chosen for the construction, 
so it is important to make good selections. 

The outline of the construction is as follows. First recall that, as stated in (|2.8| ), in 
the finite-dimensional case x{^) = xi^v) when V is non-generic, ^e.when its zero locus, 
Xy, has dimension dim(Xv') < 2m. For X infinite-dimensional the idea is to introduce 
a vector field V with finite-dimensional zero locus. The regularized Euler number of S 
would then be defined as: 

XviX) = xiXy), (2.14) 

which explicitly depends on V. By analogy with the finite-dimensional case one expects 
that: 

Xv{X) = j ev,v(TX), (2.15) 

X 

as a functional integral, where ev,-^{TX) is meant to be the Mathai-Quillen representative 
for the corresponding Euler class. 

In general, the regularized Euler number Xs{£) of an infinite-dimensional vector bundle 
£ is given by: 



Xs{S) = j e,,v(^), (2.16) 

X 

where es^sj{8) is given by the Mathai-Quillen formalism. The construction follows the 



pattern of the finite-dimensional case. But it is important to remark that ( |2.16| ) makes 
sense only when the zero locus of s, X^, is finite-dimensional. Xs{£) is then the Euler 
number of some finite-dimensional vector bundle over X^, and it corresponds to the reg- 
ularized Euler number of the infinite-dimensional bundle £. Of course, Xs{£) depends 
on s, but if s is naturally associated to £ one expects to obtain interesting topological 
information. For topological quantum field theories, s is given by the fixed points of the 
fermionic symmetry 5, which in turn comes from the underlying supersymmetry of the 



theory. The expression in the exponential in ( 2.10 ) is the action of the topological model, 
and the first term, — gives the purely bosonic terms in the action, while Vs"Xa gives 
the kinetic energy of the fermions (notice that Vs is a one-form on X, so one can see it 
as a fermion). The situation where there are local symmetries in the problem (such as 
conventional gauge symmetries) is more involved, but one can easily extend the formalism 



to cover these cases as explained in great detail in pO[. We will review the construction 
when we describe the twisted A/" = 4 theories below. 
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The AT = 4 supersymmetric gauge 
theory in four dimensions 

In this chapter we will review some aspects of the four-dimensional N" = 4 supersymmetric 
gauge theory. We will describe the Seiberg-Witten solution for the low-energy effective 
description of the A/" = 4 theory with gauge group SU{2), and we will make several 
remarks concerning the Montonen-Olive strong/weak-coupling duality symmetry of the 
theory on arbitrary four-manifolds. 



3.1 J\f = 4 supersymmetric gauge theory 

We begin with the standard J\f = A supersymmetric gauge theory on flat H^. Our 



conventions regarding spinor notation are almost as in Wess and Bagger ||103|| , with some 
differences that we conveniently compile in the final appendix. 

The A/" = 4 supersymmetric Yang- Mills theory is unique once the gauge group G and 
the microscopic coupling 'Tq = ^ + ^ are fixed. The Lagrangian and supersymmetry 
transformations can be constructed from the A/" = 1 supersymmetric Yang-Mills theory in 
10 dimensions by dimensional reduction on a six-torus fl^. The ten-dimensional Lorentz 



group S0{1, 9) splits as S0{1, 3) x S0{6)j, where 5*0(1, 3) is the four-dimensional Lorentz 
group, while 5*0(6)/ ~ 5?7(4)/, which corresponds to the rotation group in the extra di- 
mensions, appears in the four-dimensional theory as a global symmetry group (it is in fact 
the automorphism or TZ symmetry group of the A/" = 4 supersymmetry algebra). The field 
content of the model is the following: a gauge field Aaa, four Weyl gauginos and their 
complex conjugates X'^a (which come from the 10- dimensional Majorana-Weyl gaugino) 
transforming respectively in the representations 4 and 4 of SU (4)/ (m, v,w, ... = 1,2,3,4 
are 5f/(4)/ indices), and six scalars (puv (which come from the 10-dimensional gauge field) 
in the 6 of SU{4)i. All the fields above take values in the adjoint representation of some 
compact Lie group G. Being in the representation 6, the scalars (puv satisfy antisymmetry 
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and self-conjugacy constraints: 



■'VUl 



\t — ^* — ^ ,uvwzi . _ 1234 _ ,1 

) —'Pvu — ~2^ 'Pwz, ei234 — e — +i. 



(3.1) 



The action for the model in Euchdean space is: 



S = \ [ rf4a;Tr{-^V„^0™V° 
en i 8 



^^0 



327r' 



(3.2) 



We have introduced the covariant derivative Vaa = (^"^aaidm + ]) (together with 

its corresponding field strength F^n = dmA^ — dnA^ + i[Am,An]) and the trace Tr in 
the fundamental representation. The action (|3.2| ) is invariant under the following four 
supersymmetries (in S'f/(4)/ covariant notation): 



IVW} 



'^^aa 2,i^ a^ua ~l~ 22A q,^^ 

(3.3) 



where -F+q,'' = cr'^'^ctFmn- Notice that there are no auxiliary fields in the action 
Correspondingly, the transformations ( p.3|) close the supersymmetry algebra on-shell. 

In IR'^, the global symmetry group of A/" = 4 supersymmetric theories is 7i = SU {2)i® 
SU{2)r ® SU{4:)j, where /C = SU{2)l O SU{2)r is the rotation group 50(4). The 



supersymmetry generators responsible for the transformations (3^) are Q^a and Qua 
They transform as (2, 1, 4) © (1, 2, 4) under H. 

From the point of view of A/" = 1 superspace, the theory contains one A/" = 1 vector 
multiplet and three A/" = 1 chiral multiplets. These supermultiplets are represented in 
Af = 1 superspace by superfields V and $s (s = 1,2,3), which satisfy the constraints 
V = and -Dq,$s = 0, being a superspace covariant derivative. The physical 
component fields of these superfields are: 

V > Aaa, Xiai A q,, 

(3.4) 
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In terms of these fields, the SU{A)j tensors that we introduced above are defined as 
follows: 



{4} A„ = {Ai, As, A3, A4}, 
{6}^0„, ~{fi„fit^}, 

{4}-A" = {A^A^A^An, 



where by ~ we mean precisely: 



The action (|3.2| ) takes the following form in A/" = 1 superspace: 



^0 ,=1 J 



V\ 



+ 



iV2 



iV2 



(3.5) 
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-fitl 
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/ 



rf^xrf¥Tr{<l>ti[$t2,$t3]}, 



(3.6) 



(3.7) 



where VFa = —j^V^e ^0^0^ is the supersymmetric field strength. 



3.2 Electromagnetic duality in the A/^ = 4 theory 

Within the last five years, electromagnetic duality has become a powerful tool to unravel 
the structure of strongly coupled quantum gauge theories and string theory. In many the- 
ories with M = \ 10 and Af = 2 supersymmetry, duality shows up as a symmetry 
of the effective low-energy description, and it plays a prominent role in disentangling the 
infrared dynamics - see for a review. On the other hand, in the A/" = 4 theory and 
some special M = 2 theories, the duality is exact, in the sense that it is conjectured to 
hold valid at all energy scales. 

The massless J\f = 4 supersymmetric theory has zero beta function, and it is believed 
to be exactly finite and conformally invariant, even non-perturbatively 0|. The full 
duality group is actually SL{2, Z), which includes a Z2 corresponding to the interchange 
of electric and magnetic charges along with the interchange of strong and weak coupling 
as originally proposed some twenty years ago by Montonen and Olive 



The purpose of this section is to discuss some aspects of this duality. We will start by 
briefly reviewing the definition of the magnetic group dual to a compact Lie group H 
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33]. We follow the discussions in and pO|. In a gauge theory with unbroken gauge 



group H one can consider two kinds of quantum numbers. Electric quantum numbers are 
fixed by the representations under which the fields transform, and take values in the weight 
lattice A^j^j^^ of H. Magnetic quantum numbers are topological in nature, and are related 
to gauge configurations over two-spheres. They are in fact the winding numbers of the 
equatorial transition functions /(0) : 5*^ — > H, and the Dirac quantization condition, as 



generalized by Goddard, Nuyts and Olive |34|, forces them to take values in the coweight 



lattice . of H, which is dual to A^. 

cowcigiit ' wcignt 

The following step is to realize that the magnetic quantum numbers of H are the 
electric quantum numbers of another dual group H^, whose weight lattice is dual to that 
of H, and whose root lattice A^^^ is the coroot lattice A^_.^^^ of H spanned by the simple 
coroots d'^ = 2^ which is dual to A^^^. Therefore, the true symmetry group of the theory 
is actually H ® H^. Now, the Montonen-Olive duality conjecture |^ follows simply as 



the statement that the electric and magnetic factors are exchanged under an inversion of 
the coupling constant Cq — > l/co- 

Let us consider the example H = SU{N) in detail. Since SU{N) is simply laced, 
SU{N) and SUlNy have the same Lie algebra su{N). Also, we can identify the coweight 
lattice of SU{N) with the root lattice of su{N). Thus, Afffji^^ = Af,^fi^t = Af,^/^-* = 
AiT^\ But since A^m = AiT^\ SU{Ny has no center (A^^,^,,/Al, ~ Center{H)), 
and therefore SU{Ny = SU{N)/'S.m. 

Now we can wonder as to how we expect to see Montonen-Olive duality in the Af = 4 
theory. First of all, in presence of a non-zero angle, the original ^2 transformation 
Co ^ 1/eo is extended to a full SL{2, Z) symmetry acting on roQ 

To — > — ° , , a,b,c,dEW., ad — bc=l. (3.8) 
ctq + d 

Then, under tq — I/tq we expect G to be exchanged with its dual G^. This SL{2, Z) 
duality imposes strong constraints on the spectrum of the theory, and those have led to 
a series of successful tests on the BPS part of spectrum [0] |^ . 

In addition to this, in the A/" = 4 theory all the fields take values in the adjoint 



representation of G. Hence, as pointed out by 't Hooft if H'^{X,7ii{G)) 7^ it is 
possible to consider non-trivial G/Genter{G) gauge configurations with discrete magnetic 
't Hooft fiux through the two-cycles of X. In fact, G/Genter{G) bundles on X are 
classified by the instanton number and a characteristic class v G H'^{X, 711(G)). For 
example, if G = SU{2), we have SU{2)/T.2 = S0{3) and v is the second Stiefel- Whitney 
class W2{E) of the gauge bundle E. This Stiefel- Whitney class can be represented in 
De Rham cohomology by a cohomology class (a class of differential two-forms under the 
equivalence relation 02 ~ &2 = &2 + dci, where 02, 62 are two- forms and Ci is a one- 

form) in if2(X, Z) defined modulo 2, i.e., W2{E) and W2{E) + 2uj, with u G H^{X,'E), 



^ On arbitary four-manifolds X, the symmetry group may be reduced to a subgroup of SL{2,'K) as 



shown in |10q|[ |lOl[|lll | 
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represent the same 't Hooft flux, so if W2{E) = 2A, for some A G 2), tlien tlie 

gauge configuration is trivial in 5*0(3) (it has no 't Hooft flux.) 

Similarly, for G = SU{N) one can fix fluxes in H'^{X, TLj-i) (the corresponding Stiefel- 
Whitney class is defined modulo A^.) One has therefore a family of partition functions 
■^i)('7"o)) one for each magnetic flux v. The SU{N) partition function is obtained by 
considering the zero flux partition function (up to a factor whose origin is explained in 
100|| ), while the SU{N) /"Kn partition function is obtained by summing over all f, and 



both are to be exchanged under tq — I/tq. The action of 5'L(2, Z) on the should 
be compatible with this exchange, and according to ||100|| ||113|| , the Tq — I/tq operation 
mixes the by a discrete Fourier transform 



^.(-1/ro) = N-'^'^ i^f) [-■) E ^«(^o). (3.9) 



The modular weights w and w are linear combinations of the Euler characteristic x ^i-nd 
the signature a of X. This pattern has been checked for the physical J\f = A theory on 
in |3[. 



As for the twisted TV = 4 theories to be described below, it would be natural to expect 
that they should behave in the same way under duality. In fact, for the twisted theories, 
and in generic circumstances, the partition function depends holomorphically on Tq, so 
one would actually expect that they should obey (|3.9|) with w = 0. This was checked by 
Vafa and Witten for one of the twisted theories and for gauge group SU (2) ||100|| , and their 



result has been generalized to G = SU{N) (with prime) in |61[]. Similar results have 
been recently derived for another twisted version of the A/'=4 theory within the w-plane 
approach We will review these results in great detail in chapters | and ^ below. 



3.3 The Seiberg- Witten solution 

The massless N" = 4 theory has a moduli space of vacua in the Coulomb phase consisting 
of several equivalent copies which are interchanged by the SU{A)i symmetry. Each of 
these copies corresponds to one of the scalar fields (puv developing a non-zero vacuum 
expectation value. There is a classical singularity at the origin of the moduli space, which 
is very likely to survive even in the quantum regime. 

Life gets more interesting if one deforms the A/" = 4 supersymmetric theory by giving 
bare masses, m J (i^X(i^^Tr($i$2) + h.c. , to two of the chiral multiplets. This mass- 
deformed theory still retains M = 2 supersymmetry: the massive superfields build up 
an A/" = 2 hypermultiplet, while the remaining chiral superfield, together with the vector 
superfield, build up an A/" = 2 vector multiplet. The low-energy effective description of 
this theory was worked out, for the SU{2) gauge group, by Seiberg and Witten in ||93 



Their results were subsequently extended to SU (N) by Donagi and Witten in , where 



a link to the SU {N) Hitchin integrable system was established. D'Hoker and Phong have 
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analyzed the SU{N) theory in terms of the elhptic Calogero-Moser integrable system 



and have extended the computations to arbitrary gauge groups |22 



Some quantitative discrepancies between the proposed solution and explicit instanton 
calculations have been pointed out in . The explicit structure of the effective theory for 
gauge group SU{2) has been much clarified by Ferrari |32|, who has also given a detailed 
account of the BPS spectrum. 

For gauge group SU{2) and for generic values of the mass parameter, the moduli space 
of physically inequivalent vacua forms a one complex-dimensional compact manifold (the 
M-plane). This manifold parametrizes a family of elliptic curves, which encodes all the 
relevant information about the low-energy effective description of the theory. The explicit 
solution is given by the curve: 



3 ^ 
Y' = 11[X- e,{To)z - -^e%To)m'), (3.10) 



where 



ei{ro) = l{^t + ^t), e,iro) = ~l{^t + ^t), e,{To) = ^i^t - r,) , (3.11) 

and {^2, ^3 and i!}^ are the Jacobi theta functions - see the appendix to chapter || below for 
more details. Notice that the curve ( p.lO| ) depends explicitly on tq through the modular 
forms Cj, so SL{2, 2) duality is actually built in from the start. 

The parameter z in (|3.10|) is a global gauge-invariant coordinate on the moduli space 
and it is a modular form of weight 2 under the microscopic duality group. It differs from 
the physical order parameter (Tr 0^) by instanton corrections which are not predicted 
by the Seiberg-Witten solution. The precise relation is given by: 

^ oo 

z = (Tr <j)^) - -m^eiiro) + V CnQ^, = e^'^^\ (3.12) 

Notice that the instanton corrections c„ are invisible in the double-scaling limit go ^ 0, 
m ^ oo, with 4m^go = ^o^i under which the mass-deformed theory flows towards the 
pure Af = 2 gauge theory and z ^ u = (Tr0^). Here Aq is the dynamically generated 
scale of the J\f = 2, Nf = theory. 

The low-energy description breaks down at certain points Zi where the elliptic curve 
degenerates. This happens whenever any two of the roots of the cubic polynomial 
Y[j=i ~ — (l/4)e|m^) coincide. These singularities, which from the physical point 
of view are interpreted as due to BPS-saturated multiplets becoming massless, are located 
at the points p3[] : 
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These BPS states are generically dyons carrying non-zero magnetic charge, and can be 
constructed in the semiclassical regime by quantizing the zero modes of the elementary 
fields of the theory in the background of the dyon For the massless A/" = 4 theory, 
these zero modes build up a short A/" = 4 vector multiplet with spins up to 1 |Q, and 
this explains why the monopoles (with unit magnetic charge and no electric charge) can 
be dual, in the Montonen-Olive sense, to the elementary vector bosons. A non-zero value 
of the mass m lifts half of the zero modes, and the remaining ones build up the M = 2 
hypermultiplets which produce the singularities. 

Following Ferrari [^, we choose |go| small, m large, with m'^go ~ Aq^. Under these 
circumstances, at strong (effective) coupling, there are two singularities at 2:2, -Zs, with 
1-22 "~ -23 1 ~ Ao^, which flow to the singularities of the pure gauge theory in the double- 
scaling limit. At weak (effective) coupling, there is a third singularity, located at Zi, due to 
an electrically charged (adjoint) quark becoming massless. For this choice of parameters, 
we have the explicit formulas: 

relating the coordinate z to the modulus k of the associated elliptic curve (p.lO|) . Here 
r = To — 2«n^g2«7rTo _|_ . . . ig \^]^Q complexifled effective coupling of the low-energy theory. 



and enters the formalism as the ratio of the two basic periods of the elliptic curve. The 
first period of the curve is given by the formula: 

' m). (3.15) 

where 

K{k) = ^Mr)' (3.16) 

is the complete elliptic integral of the first kind, and a is related to the vacuum expectation 
value of the Higgs field, (0) = 0(73/2. The second period can be computed from ( |3.15| ) 



as = r^. Owing to the cuts and non-trivial monodromies present on the u-plane0, 
is not globally defined, and the actual formulas are somewhat more involved ||32|. In 
any case, the final expression for the w-plane integral will be invariant under monodromy 
transformations, so the above naive expression is sufficient for our purposes. 
Around each of the singularities we have the following series expansion: 



z = Zj + Kj qj2 + ■ ■ ■ (3.17) 

where qj = o^'^^'^j is the good local coordinate at each singularity: ri = r for the semi- 
classical singularity at zi, T2 = To = — l/r for the monopole singularity at Z2, and 
T3 = Td = —l/{r — 1) for the dyon singularity at Z3. 

^ "2:-plane" would be more accurate here, but the former terminology is by now so widespread that we 
prefer to stick to it. 
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Using ( p.l4| ), one can readily compute: 



Ki(ro)=4m^(^J , «:2(ro) = -4m2 ( , k^{t^) = ^n? [-^X . (3.18) 

At the singularities, each of the periods has a finite limit when expressed in terms of the 
appropriate local coordinate: 

da\^ 2 1 



A' 



daj:,\ 2 1 



dz (^92(ro)^3(i"o)) 
/ (i(a£) — a]\ 2 1 



4' 



V dz ^3 m2 (i?2(ro)^4(ro))^ 

(3.19) 



Chapter 4 

Twisting the AT = 4 supersymmetric 
gauge theory 



The twist in the context of supersymmetric four-dimensional gauge theories was intro- 
duced by Witten in ||104|| , where he showed that a twisted version of the Af = 2 supersym- 



metric gauge theory with gauge group SU{2) is a relativistic field-theory realization of 



the Donaldson theory of four-manifolds. Soon after Witten's breakthrough, Yamron [|114 
generalized the construction to the A/" = 4 supersymmetric gauge theory and described 
the structure of two of the possible non-equivalent twists of these theories and pointed 
out the existence of a third one. 

The purpose of this chapter is to describe the possible twists of the A/" = 4 super- 
symmetric gauge theory. It is intended to provide a general introduction to the next 
three chapters. We assume that the reader is familiar with the analogous (yet simpler) 
procedure in A/" = 2 theories 11 |T0| MM [109 



In four dimensions, the global symmetry group of the extended supersymmetric gauge 
theories is of the form H = SU{2)l ® SU{2)r ® X, where /C = SU{2)l ® SU{2)r is 
the rotation group, and X is the chiral 7^-symmetry group. The supercharges Qaj 
transform under Ti. as (2,1,N) and (1,2,N), where N is generically an A/"- dimensional 
representation of the 7?.-symmetry group - A/" is the number of independent supersymme- 
tries. The aim of the twist is to extract from these supercharges one (or several) global 
scalar fermionic symmetries - as described in chapter |1| - which always exist regardless of 
the space-time topology. Now to create a scalar supercharge out of spinor supercharges 
one has to modify somehow the action of the rotation group on the supercharges. The 
idea is to gauge a subgroup of the 7^-symmetry group with the spin connection in such 
a way that at least a linear combination of the original supercharges be a singlet under 
a combined Lorentz plus chiral rotation - see pB| for a review. Depending on how we 



choose this subgroup, we will obtain different theories after the twistingfl While in A/" = 2 



^Note than on a general four-manifold the holonomy group is SU{2)l ® SU{2)r, so the twist will be 
an observable effect, that is, the twisted theory and the physical theory will be inequivalent. However, 
on a hyper-Kahler manifold the holonomy is simply SU{2)ji, so if one gauges the chiral current with 
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supersymmetric gauge theories the 7^-symmetry group is at most U (2) and thus the twist 
is essentially unique, in the M = 4 supersymmetric gauge theory the 72.-symmetry group 
is SU{4:) and there are three different possibilities, depending on how we embedd the 
rotation group into the 7^-symmetry group [^| |100| || |114|| . 

The possible choices are found just by analyzing how the 4 of SU (4)/ splits in terms 
of representations of the rotation group /C. There are just three possibilities which will 
give a topological symmetry for a given choice of the SU{2) component of /C: (i) 4 — »• 
(2, 1)©(2, 1), (ii) 4 ^ (2, 1)©(1, 1)©(1, 1) and (iii) 4 ^ (2, 1)©(1, 2), each of which leads 
to a different topological quantum field theory. Choosing the other SU (2) component of 
/C one would obtain the equivalent twists: 4 (1, 2) © (1, 2), 4 ^ (1, 2) © (1, 1) © (1, 1) 
and 4 (1,2) © (2,1). As described below these alternative twists are related to the 
previous ones by a reversal of the orientation of the four- manifold X. 

Cases (i) and (iii) lead to topological field theories with two supercharges. One of 
these (i) was considered by Vafa and Witten [1UCI|| in order to carry out an explicit test 
of S'-duality on several four-manifolds, and will be analyzed in full detail in chapter ^. 
It has the unusual feature that the virtual dimension of its moduli space is exactly zero. 
This feature was analysed from the perspective of balanced topological field theories in 
^], while the underlying structure had already been anticipated within the framework 



of supersymmetric quantum mechanics in 

Case (iii) was first discussed in [^, where it was shown to correspond to a topological 
theory of complexified flat gauge connections. This idea was pursued further in |0 



where a link to supersymmetric BF theories in four dimensions was established. We will 
study this theory in chapter ^ where it will be shown that the theory is amphicheiral, 
this meaning that the twist with either SU{2)l or SU{2)ji leads essentially to the same 
theory. 

The remaining possibility (ii) leads to the "half- twisted theory" , a topological theory 



with only one BRST supercharge ||114|| . This feature is reminiscent of the situation in 
twisted M = 2 supersymmetric gauge theories, and in fact [Q, the theory is a close rel- 
ative of the non-Abelian monopole theory [0[^|Q||7^, the non-Abelian generalization 
of Witten's monopole theory ||11(J| , for the special case in which the matter fields are in 
the adjoint representation of the gauge group - see chapter below. 



4.1 Twisted A/^ = 4 supersymmetry and the Mathai- 
Quillen approach 

In the forthcoming chapters we will analyze to exhaustion the three cases described above, 
both from the viewpoint of the twisting of jV = 4 supersymmetry and the Mathai-Quillen 
approach. It is well known that topological quantum field theories obtained after twisting 

the SU{2)l part of the holonomy only, the twisting is trivial, and the twisted and physical theories are 
equivalent. 
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M = 2 supersymmetric gauge theories can be formulated in the framework of the Mathai- 
Quillen formahsm [|lp0|||7^- One would expect that a similar formulation should exist for 
the A/" = 4 case. Though it turns out that this is so, there is an important issue that has to 
be addressed to clarify what is meant by a Mathai-Quillen formulation in the latter case. 
Twisted Af = 2 supersymmetric gauge theories have an off-shell formulation such that the 
topological quantum field theory action can be expressed as a Q-exact expression, where 
Q is the generator of the topological symmetry. Actually, this is true only up to a ^-term. 
However, the 7^-symmetry group of the M = 2 supersymmetric gauge theories contains 
a f/(l) factor which becomes the ghost-number symmetry of the topological theory. But 
this chiral U{1) is anomalous, so one can actually get rid of the ^-term with a chiral 
rotation. As a result of this, the observables in the topological theory are unsensitive to 
^-terms up to a rescaling. What remains is just the Q-exact part of the action which is 
precisely the one obtained in the Mathai-Quillen formalism. 

On the other hand, in A/" = 4 supersymmetric gauge theories 6'-terms are observable. 
There is no chiral anomaly and these terms can not be shifted away as in the M = 2 case. 
This means that in the twisted theories one might have a dependence on the coupling 
constants (in fact, this was one of the key observations in ||100|| to make a strong coupling 
test of S'-duality.) This being so we first have to clarify what one expects to be the form 
of the twisted theories in the framework of the Mathai-Quillen formalism. To do this let 
us focus on the part of the action of a twisted theory (coming from any gauge theory with 
extended supersymmetry) involving the gauge field strength. 



^ / ^d'xTiiF^^F,,)--^ [ Tr(FAF) + 



'^-~4? 



(4.1) 



where X is an oriented Riemannian four-manifold endowed with a metric g^u- We are 
using conventions such that, 

= 3^^.v^i-{(^'*)'-(^'")'}. (4-2) 

is the instanton number of the gauge configuration. Decomposing the field strength F 
into its self-dual and anti-selfdual parts, 

F^, = ^iF,,±^e,,,^Fn: (4.3) 
we see that ( [4. 1| ) can be written in the following two forms: 

~ X ^"^'"^ Tr(F+-'^F+ ) - 2mr^^ ^ Tr(F A F) + . . . 
~i / v^^'^Tr(F--^F^-)-27r^r^ /" Tr(F A F) + . . . , 

(4.4) 
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where 

9 Am 



What we intend to discuss here is the difference between the two possible choices which 
are present when picking up one of the components of the rotation group. It turns out 
that choosing one of them, say, the left or twist T, one must consider the first form of the 
action in ( [4. 41 ) since then, after working out its off-shell formulation, it can be written as 

^x = ^j^ Vad'x {g. A} - 2mrj^ Tr(F A F), (4.6) 

for some A, while it one chooses the other one, the right or twist T, one finds, 

4 = ^ ^ ^/gd'x {Q, A} - 27^^f ^ ^ Tr(F A F), (4.7) 

for some A and some Q. These actions correspond to an orientable four-manifold X with 
a given orientation. The actions of the two twists are related in the following way: 



_ 1 

T — > — T 



(4.8) 



where the four-manifolds X and X are related by a reversal of orientation. 

For twisted theories coming from (asymptotically free) M = 1 supersymmetric gauge 
theories, observables do not depend on the coupling constant e because it appears only 
in a term which is Q-exact. They do not depend on r either, up to a rescaling, due to 
the chiral anomaly. In the case of twisted theories A/" = 4 theories, however, the partition 
function and the observables do depend on e and Q through r. In both cases one needs 
to consider only one of the types of twist, say T, since, according to (|4.8| ), the other just 
leads to the observables that one would obtain by working on X instead of X. In the 
first case this statement is exact and in the second case one must supplement it with the 
replacement r —f. Therefore one can say that up to a reversal of orientation there is 
only one possible twist from M = 2 supersymmetric gauge theories and three, as stated 
in ||114|| and described in detail above, from the A/" = 4 theory. 



After these remarks on the twisting procedure we will state what is meant by a Mathai- 
Quillen formulation of topological quantum field theories resulting after twisting A/" = 4 
supersymmetric gauge theories. The Mathai-Quillen formulation builds out of a moduli 
problem a representative of the Thom class associated to a certain vector bundle. This 
representative can always be written as an integral of the exponential of a Q-exact ex- 
pression. The three twists of jV = 4, after working out their off-shell formulation, can be 
written as in ( |4.6| ). We will present for each case the moduli problem which in the context 
of the Mathai-Quillen approach leads to the Q-exact part of the action. In other words, 
we will find out the geometrical content which is behind each of the three twists. 
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4.2 String theory and twisted A/^ = 4 topological field 
theories 



This section is intended to give and overview of the known relations between string theory 
and topological quantum field theories. Almost everything of what we will be saying is 
well-known and nothing is new. 

Several isolated links between string theory and topological quantum field theories 
have been known for some time. In 1991, Harvey and Strominger pointed out that 5- 
matrix elements describing zero momentum scattering of spacetime axions off fivebranes 
in heterotic string theory are proportional to the Donaldson polynomials |^2|. Indeed, the 
set of ground states of N static fivebranes is precisely the moduli space of A^-instanton 
configurations on the four-dimensional manifold transverse to the fivebranes |jl8| , and the 



transitions between different ground states are governed by effective vertices which are 
formally identical to the topological observables which represent the Donaldson invariants 
in the twisted Af = 2 supersymmetric gauge theory |p.04|| . The effective theory describing 
the dynamics and interactions of the fivebranes is a six- dimensional sigma model with 
target the moduli space of instantons, but one could be tempted to conjecture that the 
twisted Af = 2 theory could provide a dual effective description of the dynamics. 

A second connection in the same direction stems from a result of Taubes |^| pointing 
out a relation between the Seiberg-Witten invariants ||110||, which capture the essential 



topological information of many twisted four-dimensional supersymmetric theories, and 
the Gromov invariants, which arise in the context of two-dimensional topological sigma 
models ||106|| . This relation has been discussed in [^] in connection with the Vafa-Witten 
theory for G = SU{2). 

New, recent developments in string theory have unveiled more concrete and truly un- 
expected relations. Bershadsky, Sadov and Vafa 0, and Minahan, Nemschansky, Vafa 
and Warner [^], have pointed out that the three twisted Af = 4 theories appear nat- 
urally in compactifications of string/M theory as world-volume effective theories of IIB 
D-threebranes or M-fivebranes wrapping supersymmetric cycles of the compactification 
space. The idea is as follows - see [|l^ |^ for a review. Consider a certain compactifica- 



tion of type IIB theory on a (i-dimensional compact manifold Wd, and a D3-brane with 
worldvolume X4 wrapped around a supersymmetric 4-cycle of Wd (this is a 4-dimensional 
submanifold of Wd defined by the property that a D-brane wrapping around it preserves 
some supersymmetries 0.) The effective theory on the threebrane is generically an A/" = 4 
supersymmetric gauge theory, with the six real scalars describing the position of the brane 
in the ambient space. Or more precisely, the scalars are sections of the normal bundle 
of X4 in Mio (the 10-dimensional space where the full string theory lives), which is 6- 
dimensional. But since X4 is embedded in Wd, d — 4 of the scalars will be twisted as they 
are actually sections of the normal bundle of X4 relative to Wd- Now by supersymmetry, 
the rest of the fields in the Af = 4 multiplet will be twisted as well, so the general result is 
that the effective theory is a certain twisted version of the Af = 4 theory. Which twisted 
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version one ends up with depends on the details of the compactification. Consider for 
example the Vafa-Witten theory. As we will see in the next chapter, the theory contains 
three real scalar fields, while the remaining three are twisted to a self-dual two-form. Thus 
the compact space Wd must be 7-dimensional. Likewise, as there are two independent 
twisted supersymmetries, and the D-brane generically preserves 1/2 of the supersymme- 
tries left unbroken by the compactification, we need a 7 manifold preserving 1/8-th of the 
supersymmetry. This is a 7-manifold of G2 holonomy, which indeed has supersymmetric 
4-cycles whose normal bundle is precisely f2^'+(X) (the bundle of self-dual two-forms on 
X), as expected. A similar analysis |0 shows that the second twist arises in compactifi- 
cations on an 8-dimensional S'pm(7)-holonomy manifold, while the amphicheiral theory 
is realized on supersymmetric cycles of 5'f/(4)-holonomy Calabi-Yau 4-folds. In all these 
cases the structure of the normal bundle and the number of unbroken supersymmetries 
agree with what is expected for each of the twisted theories. 

As for the M5-brane, it is known that ||2^ the effective theory on a worldvolume of 
the form IR"^ x is again the M = A gauge theory (the gauge coupling constant is 
just the modular parameter of the torus, and the SL{2, Z)-duality of the A/" = 4 theory 
follows simply from the S'L(2, Z) action on the modular parameter of T^.) If we now 
consider more general worldvolumes of the form X x T"^, where X is a supersymmetric 
cycle of a given compactification manifold, the effective theory on X should be again 
a twisted J\f = 4 theory. This fact has been exploited in to study certain six- 
dimensional tensionless strings. Actually, in all these cases the twisted Af = 4 theories 
should correspond to the long-wavelength limit of the effective theory on the curved 
branes, whose correct description should involve a twisted version of the appropriate 
Born-Infeld theory on the branes |40]|95]. 

All these connections seem to suggest a deep relation between string theory and topo- 
logical field theories which would be worth to study in the future. The most promising 
avenue to explore and exploit these connections seems to be the recent AdS/CFT con- 
jecture p8|| [7T|pT2| - see |Q for a review. Gopakumar and Vafa |3^[0 have recently 
shown that in the large N ('t Hooft) limit, the Chern-Simons theory is dual to a certain 
topological closed string theory. As for the twisted = 4 theories, no real progress has 
been made so far (but see [^[|113|| , where some interestings issues in this direction are 
addressed.) 



Chapter 5 

The Vafa-Witten theory 



In this chapter we will concentrate on the first of the topological theories that can be 
constructed by twisting the AT = 4 theory. The twisted theory, for gauge group SU{2), 
was considered by Vafa and Witten ||10q| to carry out an exphcit test of S'-duality on 
several four-manifolds. The partition function of this theory computes, under certain 
circumstances, the Euler characteristic of instanton moduli spaces, making it possible to 
fix, by comparing with known mathematical results, several unknown modular functions 
which can not be determined otherwise. The final computation requires the introduction 
of a clever mass perturbation which, while breaking down the A/" = 4 supersymmetry 
of the physical theory down to A/" = 1, still preserves one of the topological symmetries 
of the theory. A similar approach was introduced by Witten in [|109|| to obtain the first 
explicit results for the Donaldson- Witten theory just before the far more powerful Seiberg- 
Witten approach was available. However, this approach is restricted to Kahler manifolds 
with 6^ > 1. Vafa and Witten conjectured that, in the case of the theory at hand, the 
perturbation does not affect the final result for the partition function. We will carefully 
analyze and confirm their conjecture and extend their computation to gauge group SU (N), 
with N prime. 



5.1 The twisted theory 

After the twisting, the symmetry group of the theory becomes H' = SU{2)'j^ ® SU{2)r ® 
SU{2)f, where SU{2)f is a subgroup of S'f/(4)/ that commutes with the branching 4 
(2, 1) © (2, 1) and remains in the theory as a residual isospin group. Under H', the 
supercharges split up as, 

Q a ^ Q ) Q Q/3) Qva ^ Qaai (^■-'-) 

where the index i labels the fundamental representation of SU{2)p. The twist has pro- 
duced two scalar supercharges, the SU{2)f doublet Q\ These scalar charges are defined 
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in terms of the original supercharges as follows: 

Q'=' ^ QT=\ + QT=l 

The fields of the A/" = 4 multiplet decompose under Ti.' as follows: 

A . V A . 



(5.2) 



(5.3) 



Notice that the fields Xap ^^^^ ^''^^ symmetric in their spinor indices and therefore 
can be regarded as components of self-dual two-forms, (pij is also symmetric in its isospin 
indices and thus transforms in the representation 3 of SU{2)f- Some of the definitions in 
( ^.3| ) need clarification. Our choices for the anticommuting fields are, 

Xi=l(ll) = Xv=l,a=l, 
Xi=l{at3) = \ Xi=l(12) = \{Xv=l,a=2 + Xv=2,a=l), 



i=l,a=l,2 _ \v=l,2 



while for the scalars 



a ' 



(5.4) 



1 , 



Gaf} = ( 1 ^ 



013 1(014 + 023; 

14 + 023) 024 



(5.5) 



In terms of the twisted fields, the J\f = A action (3^) takes the form (remember that 
we are still on fiat IR"^): 
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(5.6) 



The Q'-transformations of the twisted theory can be readily obtained from the corre- 
sponding A/" = 4 supersymmetry transformations. These last transformations are gener- 
ated by ^v°'Q^ a + C aQv°' ■ According to our conventions, to obtain the Q^-transformations 
one must set ^'"a = and make the replacement: 

where (or G^^, Cij) is the antisymmetric (invariant) tensor of SU{2) with the con- 
vention G21 = G^^ = +1. The resulting transformations are: 



6 Acta 








Wo. 












Sipij 




5 Gap 





(5.8) 

where, for example, = |(ejr/j -l- ^jiji). The transformations ( |5.8| ) satisfy the on-shell 
algebra [^1,^2] = modulo a non-Abelian gauge transformation generated by the scalars 
ifij. For example, [5i,52\Gai3 = —4:^/2ieie2^['fij,Gai3]- The algebra closes on-shell, and 
one has to impose the equations of motion for the anticommuting fields ipaa Xa/3- 
terms of the generators Q^, the algebra takes the form: 

{Q\Q'} = 
{Q\Q'} = Sgi^pu), 

{Q\Q'} = 6g{^n), 

(5.9) 



where by Sg{ip22) we denote the non-Abelian gauge transformation generated by ^922- As 
explained in \\L 14|] , it is possible to realize the algebra off-shell by inserting the auxiliary 
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fields Nai3 (symmetric in its spinor indices) and M^a in the transformations of ipl^^ and 
Xa/^- Tliis is tlie opposite to tlie situation one encounters in tlie associated pliysical Af = 4 
tlieory, wliere an off-sliell formulation in terms of unconstrained fields is not possible. 
After some suitable manipulations, the off-shell formulation of the twisted theory takes 
the form: 

+ \n^pN^P + ^iV,^[G/, G^^] ] - 2vrzro^ j d^x Tr { *F^„F-" }. 

(5.10) 

The corresponding off-shell transformations are: 



6Aaa 














= -2iej[Gai3, '■P^i] + uN'^p, 










6Gaf3 


= V2e^Xjaf3, 








= e'{ V2t[ri„ Go^f,] - 2V2t[xja(3, } 



(5.11) 

With the aid of the transformations ( |5.11| ) it is easy (but rather lengthy) to show that the 
action ( ^.10|) can be written as a double Q-commutator plus a ro-dependent term, that 
is, 

e^^W = 6^J^ -e^2nikTo = -\^HQ\ [Q^,J^]} - t^2mkTo, (5.12) 
(here 5 = e^[Qi, } and k is the instanton number), with 



(5.13) 
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The next step is to couple the theory to an arbitrary background metric g^^^, of Eu- 
chdean signature. This can be done as follows: first, covariantize the expression (|5.13|) 
and the transformations ( |5.11| ), and second, define the new action to be S^Tcov The 
resulting action is: 



Sf^ = \ [ (fx y^TV{ ^V,^<^,, V">^^^ + ^ikf^^P^^G^^ - ^^^■^^P""x,a/3 
^0 Jx 4 a/2 

(5.14) 



where we have introduced the full covariant derivative Pqq. The action ( p.l4| ) is, by 
construction, invariant under the appropriate covariantized version of the transformations 
(|5.11| ). However, it is not manifestly real because it contains fields in the fundamental 



representation of SU{2)p, which are complex, and it is not possible to assign a non-trivial 
ghost number to the fields in ( [5.141 ). Now, the action of a topological cohomological 
field theory has to be real, since we will eventually interpret it as a real differential form 
defined on a certain moduli space. Likewise, it has to posses a non-trivial ghost-number 
symmetry which, from the geometrical viewpoint, corresponds to the de Rham grading 
on the moduli space. 

To overcome these problems we break the SU{2)p internal symmetry group of the 
theory down to its Cartan subgroup. This allows to introduce a non-anomalous ghost 
number in the theory (basically twice the corresponding charge under the diagonal gen- 
erator T3). With respect to this ghost number, the field content of the theory can be 
reorganized as follows (we follow the notation in |[LO0|| ): with ghost number +2, we have 
the scalar field = (fn; with ghost number -|-1, the anticommuting fields ipaa = ii^iaa, 
ipaf^ = Xiaf3 and ( = irji, with ghost number 0, the gauge connection Aaa, the scalar field 
C = i(pi2, the self-dual two-form Bais = Gap and the auxiliary fields Hap = iNap and 
Haa = Maa] with ghost uumbcr —1, the anticommuting fields Xai3 = iX2af3, Xaa = 4'2aa 
and 1] = r/2; and finally, with ghost number —2, the scalar field (f) = ip22- These fields are 
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related to those in the J\f = 4 theory as follows: 



^11 


= ibt, 


A31 ~ 


— 7V^ 




X2ai 






A32 = 


1 . + 






= ^1^2 - ^C, 


2^ - ^Xl2, 






^21 


= i't2 + \C, 


A41 = 


1 . + 

-2^-^X12. 




= i^2a, 


^22 


= ^^25 


A42 = 


~'^X22' 




= 




= + ^c, 


B2 = 


R+ 
-'^225 


B3 


= -0, 


Bl 


= -B+ - zC, 


Bl = 


Bti, 


Bl 


= -0. 



(5.15) 

(1, 2, etc., are S'[/(4)/ indices). 

Notice that now we can consistently assume that all the fields above are real, in order 
to guarantee the reality of the topological action. 

In terms of these new fields, and after making the shifts: 



B^aa ~ Baa + V^^aaC , 
B'af} = Bo,f3 + 2i [Bap , C] , 



(5.16) 



the action (|5.14| ) takes the form: 
5(2) = J_ f rf4^y^Tr| 



- ^B""' ( BU - 2V2VaaC - 2V2t Vp^B^^ ) 



a/3 



-—C[r^^C] + V2^ac.[xp\ 5°^] - ^ ra[£ 
+ ^"^[^/'^^ 0] - zv^V^"4xa", q - 4>f + 2[0, C] [0, C] 



(5.17) 
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After integrating out the auxiliary fields in ( |5.17|) we find for the bosonic part of the 
action not involving the scalars and (j) the following expression: 



Expanding the squares in this expression one obtains, 

/ d'x V^Tr { -Iv^CV^C - I ( - Bp 
J X ^ 



(5.1^ 



(5.19) 



where we have used V^a = cr'^acJ^m and = cx^^-F^, B^p = cr'^pB^^. Let us now focus 
on the expression within the parenthesis. Further expansion leads to the identity: 

/ d^x V^Tr { -\vp^BPj),^B^^ + \f+^P[B,^, BfP ] } 

= I d'x^Ti{-V,B+,V^B+''^-^RB^^B^^^'' + R^,,^B+^^''B+-^}, 

(5.20) 

(using again B^is = a'^^B^^). If we now express the Riemann tensor in ( ^.20|) in terms of 
its irreducible components 

R^iutX = -^{gfirRuX — dfixRuT — durR^iX + duxRfir) 
— -^{gfiTQuX — 9ut9^ix) + Cfi^rX, 

(5.21) 

with Cfj,^rX the Weyl tensor, we finally obtain, 

J^d'x ^Ti { -]^Vp^B^J),^B^" + Bp^ ] } 

= j^d^x^Tii -V,B+J)^^B+-^ - 5+^^^ ( ^-R ig,r9ux - QurQ^x) - C,,rX )B+^^ ]. 

(5.22) 

Thus we see that when we put the twisted theory on general curved backgrounds we 
must include the non-minimal couplings in (|5.22|) to ensure that the naive action ( |5.6| ) be 
supersymmetric. 
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The associated fermionic symmetry splits up as well into BRST {Q^ = Q^) and anti- 
BRST {Q^ = iQ"^) parts. The explicit formulas are: 



\Q 1 ^Qci] 






2XcKi5 








= V2Vaa(f), 




= 0, 




= 0, 


L "J 






= -V2Xa/3, 




= 22 [B^pAi 




= 22 [5„^,0], 




= ±c 


fO" CI 


1 








= 42 [C,0], 




1 — 




/ — 

= v^C, 




= 22 [0,0], 




= -22 [0,0], 




— Pf' 








= 2^22 [Xaa,(p], 




= -2Vaar] + 2V2i [ipaaA] 








-4V22[xaa,C], 




= ^o/35 




= Kp-'^^ [B.p,C], 




= 2v^2[X„/3,0], 




= -2V2i [tp^p, 0] - 4^22 [x 



- 2 V22 [5,^,27], 

(5.23) 



satisfying the algebra. 



{g-,g-} = (5,(-0), 

{Q+,Q-} = 6,{C). 

(5.24) 

The To-independent part of the action ( ^.17| ) can be written either as a BRST {Q~^) 
commutator or as an anti-BRST {Q~) commutator. Let us focus on the former possibility. 
The appropriate "gauge" fermion turns out to be: 

^ = \ [ d'x^TT{-]r''{H'^^-2V2V^^C-2V2iVp^B('^) 

- ^x"^ {K(s-'^ F^p - 2 [5.., Bp^] - 42 [5.^, C\ ) } 

+ ^ /" rf^Xv/^Tr{-i=0(l)„^7/;"" + 2y2[V^„^,i?"^]-2v^[C,C])} 
^0 2v2 

rf^x v^Tr{ ^r/[0,0] }. 

(5.25) 
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For reasons of future convenience we will rewrite ( |5.25|) in vector indices. With the 
definitions, X^a = '^aa-^iJ^^ ^^^^ '^ap^i^"^ -^^^ given fields X and Y, (|5.25|) 

takes the form: 

^ = ^/ rf'a;v/^Tr{ V(#;-2V2I?^C + 4V2D'^i?+ ) 
^0 Jx ^ 

+ Ix^'" ( - 2 - 4^ [5+ , 5+^.] - 4z[i?+ , q ) } 

- \ [ d'x ^Tt{ -i=0 ( 2P^V^'^ + 2v^z , 5+^-] + V2z [C, C] ) } 
<2o 2V 2 



p2 , 



(5.26) 



The gauge fermion, in turn, can itself be written as an anti-BRST commutator ( ^.12|) : 
1 



Q- 



<2o Jx 



+ 



2V2 



C\ 



)}• 



(5.27) 



5.2 The topological action in the Mathai-Quillen ap- 
proach 

We have described so far the Vafa-Witten theory as a twisted version of the A/" = 4 theory. 
The twisting procedure has been repeatedly shown to be a very powerful technique for 
the construction of topological quantum field theories. However, it suffers from serious 
drawbacks, the main one being that it is not possible to identify from the very beginning 
the underlying geometrical structure that is involved. Rather, in most of the cases the 
underlying geometrical scenario is unveiled only after a careful analysis with techniques 
borrowed from conventional quantum field theory is carried out [|104|| . In what follows. 



we will change our scope and try to concentrate on the geometrical formulation of the 
theory. We will make use of the Mathai-Quillen formalism (see chapter which is very 
well suited for our purposes. Let us recall briefly the fundamentals of this approach. 
In the framework of topological quantum field theories of cohomo logical type | 107 |, one 
deals with a certain set of fields (the field space, A^), on which the action of a symmetry 
group, Q, which is usually a local symmetry group, is defined. An appropriate set of 
basic equations imposed on the fields singles out a certain subset (the moduli space) of 
^A/Q. The topological quantum field theory associated to this moduli problem studies 
intersection theory on the corresponding moduli space. In this context, the Mathai-Quillen 
formalism involves the following steps. Given the field space A4, the basic equations of 
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the problem are introduced as sections of an appropriate vector bundle V ^ A^, in such a 
way that the zero locus of these sections, modded out by the gauge symmetry, is precisely 
the relevant moduli space. The Mathai-Quillen formalism allows the computation of a 
certain representative of the Thom class of the vector bundle S = V/Q, which turns out 
to be the exponential of the action of the topological field theory under consideration. 
The integration on Ad of the pullback under the sections of the Thom class of V gives the 
Euler characteristic of the bundle, which is the basic topological invariant associated to 
the moduli problem. 



5.2.1 The Vafa-Witten problem 

The analysis starts from two basic equations involving the self-dual part of the gauge 
connection F~^, a certain scalar field C and a bosonic self-dual two- form B^, all taking 
values in the adjoint representation of some compact finite-dimensional Lie group G. 
These equations are: 



F+ - f [5+ , B+\] - ^[5+ , C] = 0. 



(5.28) 



One can consider the equations above as defining a certain moduli problem, and our 
aim is to construct the topological quantum field theory which corresponds to it within 
the framework of the Mathai-Quillen formalism. Our analysis will follow closely that in 
[§31131 • It should be pointed out that the Mathai-Quillen construction for this twist 
was already contained, yet not explicitly constructed, in ||1UU|| , and was also studied in 
the context of "balanced" topological field theories by Dijkgraaf and Moore in |2^, while 
the basic structure had already been discussed from the viewpoint of supersymmetric 



quantum mechanics by Blau and Thompson in 112 



Recently, the Mathai-Quillen formalism has been applied to the twist under consid- 
eration in ||102 |. The construction presented in that work differs from ours in the role 
assigned to the field C. 



5.2.2 The topological framework 

The geometrical setting is a certain oriented, compact Riemannian four-manifold X, and 
the field space is A4 = AxQ'^^X, adP) x f2^'+(X, adP), where A is the space of connections 
on a principal G-bundle P — > X, and the second and third factors denote, respectively, 
the 0-forms and self-dual differential forms of degree two on X taking values in the Lie 
algebra of G. adP denotes the adjoint bundle of P, P x^^^ g. The space of sections of this 
bundle, fi°(X, adP), is the Lie algebra of the group Q of gauge transformations (vertical 
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automorphisms) of the bundle P, whose action on the field space is given locally by: 

g*{A)=i{dg)g-' + gAg-\ 
g*{C)=gCg~\ 
g*{B+)=gB+g~\ (5.29) 

where C G adP) and G r2^'+(X, adP). In terms of the covariant derivative, 

(Ia = d + i[A^ ], the infinitesimal form of the transformations (|5.29|) , with g = exp(— i0) 
and G Q^{X, adP), takes the form: 

Sg{(t))A = dA(t), 

5^(0)5+ =«[P+,0]. (5.30) 

The tangent space to the field space at the point {A, C, B^) is the vector space 
TiA,c,B+)M = Q\X,adP) © fi°(X,adP) © Q'^^+ {X , adP) . On T(^a,c,b+)M we can define 
a gauge-invariant Riemannian metric (inherited from that on X) as follows: 

{{i:,C,i'^),{0,^,Co+))= [ Tr(^A*0)+ / Tr(C A *0 + / Tr(V^+ A *cD+) (5.31) 

Jx Jx Jx 

where i^^OeVl^X, adP), C, ^ e ^]°(X, adP) and tD+ G fi2,+ (x, adP). 

To introduce the basic equations ( |5.28| ) in this framework we proceed as follows. On 
the field space Ai we build a trivial vector bundle V = Ai x !F, where the fibre is in this 
case J-' = fl^{X, adP) © fl'^'~^{X, adP). The basic equations (|5.28| ) can then be identified 



to be a section s : M. ^ V of the vector bundle V. In our case, the section reads, with a 
certain choice of normalization that makes easier the comparison with the results in the 
first part of the chapter: 



siACB^) = {V2{V,C + V2V^B+^, -2(P+ - ^[P+ ,5^] - ^[5^,^)). (5.32) 

Notice that this section is gauge ad-equivariant, and the zero locus of the associated 
section s : ^A/Q -^VjQ = £ gives precisely the moduli space of the topological theory. 
It would be desirable to compute the dimension of this moduli space. The best we can 
do is to build the corresponding deformation complex whose index is known to compute, 
under certain assumptions, the dimension of the tangent space to the moduli space. This 
index provides what is called the virtual dimension of the moduli space. The deformation 
complex that corresponds to our moduli space is the following: 



— ^ ^]°(X, adP) ^Vl\X, adP) © VlP{X, adP) © ^^'^(X, adP) 

^n\X, adP) © ^f'+{X, adP) — > 0. 



(5.33) 
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The map C : adP) — > TM, given by (recall (PO)): 

C(0) = (dA0,^[C,0],2[5+,0]), G fi°(X,adP), (5.34) 

defines the vertical tangent space (gauge orbits) to the principal ^-bundle. The map 
ds : T(^A,c,B+)-M. — > T is given by the linearization of the basic equations (|5.28| ) 



(5.35) 



Under suitable conditions (which happen to be the same vanishing theorems discussed in 
IIIOOII ), the index of the complex ( ^.33 ) computes de dimension of Ker((is)/Im(C), that is, 



the dimension of the moduli space under consideration. To calculate its index, the complex 
(|5.33 ) can be split up into the Atiyah-Hitchin-Singer instanton deformation complex 



for anti-self-dual (ASD) connections, 

(1) ^ ^]°(X, adP)^n\X, adPy-^n^'+{X, adP) — ^ 0, (5.36) 



and the complex associated to the operator. 



(2) D = p+d\ + dA : f^°(X, adP) © f]2'+(X, adP) — ^ Q}{X, adP), 

(5.37) 

which is also the ASD instanton deformation complex. They contribute with opposite 
signs and therefore the net contribution to the index is zero, leaving us with the result 
that the virtual dimension of the moduli space is zero. 



5.2.3 The topological action 

We now proceed to construct the topological action associated to this moduli problem, 
and we will do it within the Mathai-Quillen formalism. The Mathai-Quillen form gives 
a representative of the Thom class of the bundle £^ = Xg JF, and the integration over 
M./Q oi the puUback of this Thom class under the section s:M./Q^£ = M.^gT 
gives the (generalized) Euler characteristic of £^ which is to be identified, from the field- 
theory point of view, with the partition function of the associated topological quantum 
field theory. 

As a first step to construct the topological theory which corresponds to the moduli 
problem defined by the basic equations ( |5.28| ), we have to give explicitly the field content 
and the BRST symmetry of the theory. This will help to clarify the structure of the 
topological multiplet we introduced in sect. 2. In the field space M. = VP{X, adP) x 
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adP) we have the gauge connection A^, the scalar field C and the self-dual two- 
form 5+^, all with ghost number 0. In the (co)tangent space T(^a,c,b+)-M = ^^{X, adP) © 
Q^{X, adP)©fi^'+(X, adP) we have the anticommuting fields ipfi, C and -^^j,, all with ghost 
number 1 and which are to be interpreted as differential forms on the moduli space. In the 
fibre = fi^(X, adP) © Q'^'~^ {X , adP) we have anticommuting fields with the quantum 
numbers of the equations, namely a one-form Xfi and a self-dual two-form x^^, both with 
ghost number —1, and their superpartners, a commuting one-form and a commuting 
self-dual two-form H^^^, both with ghost number and which appear as auxiliary fields 
in the associated field theory. And finally, associated to the gauge symmetry, we have a 
commuting scalar field (p ^ Q^{X,adP) with ghost number +2 ||107|| , and a multiplet of 
scalar fields (p (commuting and with ghost number —2) and rj (anticommuting and with 
ghost number —1), both also in f2°(X, adP) and which enforce the horizontal projection 
Ai Ai/Q pO[ . The BRST symmetry of the model is given by: 











[Q,C] 


= C, 


{QX} 


= i[CA 


[Q, 


= ^M^, 




= ^ [Bt. 


[QA] 


= 0, 






{Q,x,} 


= H^, 


[Q,H,] 


= i [Xm, 


{Q,xU 


— 








= V, 


{Q,v} 


= i [0, 



(5.38) 

The BRST generator Q satisfies the algebra {Q, Q} = Sg{(f)), and can be seen to correspond 
to the Cartan model for the ^-equivariant cohomology of A4 . 

We are now ready to write the action for the topological field theory under consider- 
ation. Instead of writing the full expression for the Mathai-Quillen form, we define the 
action to be {Q, for some appropriate gauge invariant gauge fermion \E' [^. The use 



of gauge fermions was introduced in the context of topological quantum field theory in 
(see []TU| for a review). As is explained in detail in [^, the gauge fermion consists 



of two basic pieces, a localization gauge fermion, which essentially involves the equations 
defining the moduli problem and which in our case takes the form: 



^loc = iix, X+), siA, C, P+)) + iix, X^), (H, H^)) 



X ^ 



-fiu 



[P+^", p^ 



V2 



[p+^^c])) 



(5.39) 



and a projection gauge fermion, which enforces the horizontal projection, and which can 
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be written as: 

vl/p,oj = (0,Ct(V',C,^))g, (5.40) 

where (, )g denotes the gauge invariant metric in Q^{X, adP), and the map : TAi — »• 
Q^{X,a.dP) is the adjoint of the map C ( 5.34| ) with respect to the Riemannian metrics 
(|5.31| ) in TAi and adP). The adjoint of C(0) is readily computed to be: 

c-i^, c, ^) = -v,r + ^fc, + ^[c, c], (5.41) 

where {ip, (, ip) G T(^a,c,b+)-M.. This leaves for the projection fermion ( |5.40| ) the expression: 

v^proj = / v^Tr { 0( -V,r + ^^"1 + ^[C. C])]. (5.42) 

In the Mathai-Quillen formalism the action is built out of the terms ( [5.39[ ) and ( |5.42| ). 
However, as in the case of the Mathai-Quillen formulation of Donaldson- Witten theory 
one must add another piece to the gauge fermion to make full contact with the 
corresponding twisted supersymmetric theory. In our case, this extra term is: 

^extra = - ^ Tr { ^r/ [0, 0] } . (5.43) 

It is now straightforward to see that after the rescalings 





A. 


c = 




-/ 

X 


= v^X, 




2^' 


c = 


-c, 


H' 


= 


0' = 


2v/2^' 




2 ' 




= x\ 


0' = 


-2^20, 




-2r7, 




= 2^2^ 



(5.44) 



and with the identification Q = we recover, in terms of the primed fields, the twisted 
model we analyzed in the first part of the chapter and that is encoded in ( p.23| ) and ( |5.26| ). 

And what about Q~7 What is its role in this game? In fact, the theory admits two 
Mathai-Quillen descriptions, related to each other by the Weyl group of SU{2)p, in such 
a way that the roles of and Q~ are interchanged, as are the roles of ip and X~^ cind 
( and rj, and (p and (p. The corresponding moduli space is defined by eqs. (|5.28| ) with 
the substitution C —C, and the theory localizes - as was proved in ||10CI|| - actually on 
the intersection of both moduli spaces, which is defined by the equations 

'V.C = 0, V^B+=0, 

F+ -f[i?+,i?n] = o, [i?+,q = o. 
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Alternatively, one can consider both and at once within the framework of what 
Dijkgraaf and Moore have called the equivariant cohomology of iterated superspaces. 
The resulting topological field theories have two BRST operators d± and the virtual 
dimension of the corresponding moduli spaces is zero. The simplifying property of this 
type of theories is that the topological action can be derived (up to theta terms) from an 
action potential T 

S = d+d^T, (5.46) 

- this is just the content of eq. ( |5.12|) . JF is a kind of Morse function on field space, and 
under certain assumptions the path integral can be seen to localize to the critical points 

of ^ m. 



5.3 Observables 

In this section we will analyze the structure of the possible topological observables of the 
theory. Observables are operators which are Q-invariant but are not Q-exact. A quick 
look at either the or Q~ transformations shows that the observables are basically the 
same as in the ordinary Donaldson- Witten theory. Indeed, from ( |5.23| ) or ( p. 3^ ) one finds 



that the trio An, i/j. and cj) transforms such as to ensure that the operators 



Wo =Tr(0^), W2 =Tr (^-^ A + -^0 A F 

Wi = -V2TT{(j)A^), 1^3 = - ^Tr(^ AF), 



(5.47) 



[g+,W^,} = ciiy,_i, (5.48) 



C)(^^) = / Wj, (5.49) 



satisfy the descent equations. 



which as we know imply that. 



7i 

being 7^ homology cycles of X, are observables. Of course, as usual, this set can be 
enlarged for gauge groups possessing other independent Casimirs besides the quadratic 
one. We can also build a similar set of observables O'^'^^^ in the cohomology of Q' by 
exchanging by and by x- While the observables O'^^^^ have positive ghost numbers 
given by 4 — j, the observables O'^'^^^ have negative ghost numbers j — 4. The unusual 
feature to the first twist is that the ghost number symmetry is non-anomalous. This means 
essentially that the only vacuum expectation values which are non-vanishing are those 
containing sets of observables with zero overall ghost number. Although very appealing. 
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the idea of combining observables from the and Q~ cohomologies with opposite ghost 
numbers to get non-zero vacuum expectation values is not useful. The reason is that, for 
these combined operators to be truly topological invariants, they must lie simultaneously 
in the cohomologies of both and Q~ . The only possible candidate appears to be 
the theta-term, which does not lead to any new invariant. Hence, the only non-trivial 
observable is the partition function itself. Notice that the topological action splits as 

S = {Q+,^} -27rikTo, (5.50) 



Now, owing to (|5.5CI|) , the partition function depends on the microscopic couplings cq 



and Oq only through the combination 2nikTQ^ and in particular this dependence is a priori 
holomorphic (were the orientation of the manifold X reversed, the partition function would 
depend anti-holomorphically on tq). However there could be situations in which, because 
of some sort of holomorphic anomaly, the partition function would acquire an explicit 
anomalous dependence on tq- This seems to be the case, for example, for the theory 
defined on (DP^ [|10| and, more generally, on manifolds with 6^ = 1 Somewhat 



related results have been derived for the Donaldson- Witten theory in the context of the 



M-plane formalism [84 



But ( ^.501 ) has also far-reaching consequences on the structure of the partition function. 



which can be written as 

Z(ro) = 5^Zfce2-'=^°, (5.51) 

k 

where Zk is the partition function computed with action {Q^, ^} at fixed instanton 
number k. Now since the Zk do not depend on cq, one can take the weak-coupling limit 
Co ^ where the computations are given exactly by a saddle-point calculation around 
the bosonic background defined by the Vafa-Witten equations ( ^.28|) . Unfortunately, it 



is not possible to perform explicit computations from this viewpoint: the moduli space is 
non-compact, and no precise recipe is known to properly compactify it. The way out is to 
exploit the metric independence of the partition function to go to the long-distance limit 
and compute in terms of the low-energy degrees of freedom of the physical theory. For 
the Vafa-Witten theory this is the M = 1 theory which results from giving bare masses to 
the chiral multiplets of the A/" = 4 theory. In what follows we will review the construction 
thoroughly and apply it to the computation of the partition function for gauge group 
SU{N). 

5.4 Mass perturbations and reduction to J\f = 1 

It is a well-known fact that on complex manifolds the exterior differential d splits into 
the Dolbeaut operators d and 9, and that this splitting is completely effective on Kahler 
manifolds, where the de Rham cohomology is equivalent to the cohomology of d. In a 



similar way, as pointed out in |109|, on a Kahler manifold the number of BRST charges 
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of a twisted supersymmetric theory is doubled, in such a way that, for example, the 
Donaldson- Witten theory has an enhanced N't = 2 topological symmetry, while the Vafa- 
Witten theory has a Mt = 4 topological symmetry. In each case, one of the BRST charges 
comes from the underlying A/" = 1 subalgebra which corresponds to the formulation of 
the physical theory in A/" = 1 superspace. By suitably adding mass terms for some of 
the chiral superfields in the theory, one can break the extended (A/" = 2 or A/" = 4) 
supersymmetry of the physical theory down to A/" = 1. For the reason sketched above, 
the corresponding twisted massive theory on Kahler manifolds should still retain at least 
one topological symmetry. One now exploits the metric independence of the topological 
theory. By scaling up the metric in the topological theory, g^^, — > tg^^, one can take the 
limit t oo. In this limit, the metric on X becomes nearly flat, and it is reasonable that 
the computations in the topological field theory can be performed in terms of the vacuum 
structure of the Af = 1 theory. 

One could wonder as to what the effect of the perturbation may be. The introduction 
of a mass perturbation may (and in general will) distort the original topological field 
theory. This poses no problem in the case of the Donaldson-Witten theory, as Witten 
was able to prove that the perturbation is topologically trivial, in the sense that it affects 
the theory in an important but controllable way ||109|| . As for the Vafa- Witten theory 



26[| ||58[] [|TO0[] , we will see below that the twisted massive theory is topological on Kahler 



four-manifolds with ^ 0, and the partition function is actually invariant under the 
perturbation. 

In what follows we will make use of the transformations generated by Q'^ only, which 
we rewrite as follows 







{Q^,i'aa} 






= 












= ±c 


{Q+,C} 







= 7277, 






= 2% [0,0], 














V2[Q+, Saa 




= B^al3 + ^aP, 






= 2V2t 0] - 





(5.52) 



where 



'./^ = Kp+[B:!;a,Bp]+2^[B^^,C]. 



(5.53) 



Written in this form (compare with (|5.23|) ), the on-shell transformations are simply 
obtained by setting if^^ = = Haa in (|5.52|) . 
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Notice that Saa and Sa/3 are precisely the components of the section ( ^.32| ) which 
defines the Vafa-Witten theory in the Mathai-Quillen approach. Now it is easy to see 
why the theory locahzes to field configurations satisfying ( |5.28| ). According to Witten's 
fixed-point theorem, the contributions to the partition function of the theory, which is the 
only non-trivial observable owing to the vanishing of the ghost number anomaly, come 
from the fixed points of the BRST symmetry. But according to ( |5.52|) , the fixed points 
are precisely (with the auxiliary fields set to zero) Saa = = Sa/3- 

One of the main ingredients in the analysis in |p.00|| is the existence, on certain four- 
manifolds (basically of the Kahler type), of a suitable vanishing theorem which guarantees 
that all the solutions to eqs. (p.28|) are of the form: 



^i = 0, 5^ = 0, C = 0, (5.54) 

that is, that the moduli space reduces to the moduli space of ASD connections. In fact, 
under these circumstances, the partition function of the theory computes, for each value 
of the instanton number, the Euler characteristic of the corresponding instanton moduli 
space. Observe that the vanishing theorem allows only positive instanton numbers to con- 
tribute to the partition function; the presence of negative instanton number contributions 
would signal a failure of the vanishing theorem. 



5.4.1 The twist on Kahler manifolds 

On a four-dimensional Kahler manifold the holonomy group is contained in SU{2)r ® 
U{1)l, where U{1)l is a certain subgroup of SU{2)l. Under this reduction of the holon- 
omy, left-handed spinors ipa decompose into pieces ipi and ip2 of opposite U{1)l charges, 
in such a way that if the manifold is also spin, the spinor bundle has a decompo- 
sition ^ K2 © -ft'" 2 J where is some square root of the canonical bundle of X, 
K = /\(-,T*X. Following [[L09|| , we can pick a complex structure on X by taking the 
1-forms {<7^)iadx^ to be of type (1,0), and the 1-forms {a^)2adx^ of type (0,1). With 
this choice, the self-dual 2-form {a ^j^u) apdx^ A dx" can be regarded as a (2, 0)-form for 
a = /3 = 1, as a (0, 2)-form for a = /3 = 2, and as a (1, l)-form for a = 1,/? = 2. This 
decomposition corresponds to the splitting Vl?'+{X) = n^'°{X)®n°'^{X)®zun°{X), valid 
on any Kahler surface {-w stands for the Kahler form). 

With respect to the complex structure of the manifold, the fields of the theory naturally 
split into objects that can be thought of as components of forms of type (p, g). For 
example, the connection 1-form ^^^(cr^)""^^'^ splits up into a (l,0)-form A2a{o'^)idx^ 
and a (0, l)-form y4iQ,((T^)f dx'". Likewise, the self-dual 2-form B'^^{a^u)"^dx^ A dx'^ gives 
rise to a (2, 0)-form B22{cr^y)iidx^ A dx'' a (0, 2)-form B^^{a^y)22dx^ A dx^ and a (1, 1)- 
form for B^2{^tii')i2dx^ A dx^ = B^2^- Notice that in our conventions the field B^^ would 



correspond to the (0, 2)-form f3, B22 to the (2, 0)-form (3 and -Bj^ to the 0-form h in ||100 
Note that the field B^2 can be thought of as a scalar field on X. In fact, we shall see 
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in a moment that it naturally combines with the scalar field C into two complex scalars 
B^2 i ^C*. Something similar happens with the other self-dual 2-forms ^ind 

Let us recall that in our conventions the BRST operators are obtained from the 
Af = 4: supercharges Q^a, with the recipe 

Q^ = Q\ + Q\, Q- =i{Q\ + Qh). (5.55) 

In the Kahler case, each of the individual components Q^i, Q^i and is well-defined 
under the holonomy SU{2)r (g) U{1)l- It is therefore possible to define four charges, of 
which only Q^2 is related to the underlying construction in A/" = 1 superspace. Hence, it 
is the only topological symmetry that should be expected to survive after the mass terms 
are plugged in. 

In what follows, we will be interested only in Q^i and The corresponding trans- 
formation laws (with parameters p2 and pi respectively) can be extracted from the Af = 4 
supersymmetry transformations ( |3.3| ) by setting: 

r = 0, ei. = e2a = 0, ^s^ = P2C2a, ^io. = PlCla, (5.56) 

The corresponding BRST charges will be denoted by Qi = Q^2 and Q2 = Q^i- The 
on-shell transformations turn out to be: 

{Ql,1pla} = 0, 

[Qi,4>] =0, 
[QuB+] =0, 
[Qi,Bt2 + tC] =0, 

{Qi,V^+}=22[5+,0], 

\^Qi,i't2 + ^c} = -2z[0,5i+2 + ^C], 

{Quxti} = -'^[Bt2+^C,Bt,] 

{Ql,Xla} = -V2iD2aBti, 

^Qi,^V + iXi2^ = -i[<P,<P] +iFi2 

+ - tC,Bt2 + tC] + t[Bi„ B+], 

(5.57) 



[Ql,A2a]=0, 

[Qi,F^,] =0, 



{Ql,'4'2a} = 

[QiA] = 

[QuB^,] =V2^t2, 



-72^2^0, 

V2 Qr/ - ixi2 ) , 



{Qi,i>t2} = 0, 
i 



12 / 



0, 



{Ql,X2+2} = ^; 



22' 



{Ql, X2a} = -V2lD2a{Bt2 + iC), 
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for Qi. The Q2 transformations are easily computed from (|5.52| ) and (|5.57|) after using 
= Qi + Q2 and read: 

[Q2, = -2lD2ai^2", 

{Q2,1p2a} = 0, 

[Q2,4>] = v^Q^ + ^X^s) 
[Q2,B+] =0, 
[Q2,Bt2 + ^C] = v^(^^+ 
{Q2,^t2} = HBL4>l 

{Q2,xt2} = 2{Bt2-^C,B, 





[<52,^la] 
[Q2,F+] 


= 0, 
= 0, 






= -iDiat 




{<52, V^Iq} 


= -V2D 




[Q2, (P\ 


n 






= V2^ti, 


[Q2 




= 0, 




{Q2,V^i+i} 


= 0, 


Q2, 


^t2-lc] 


= -2t[(p, 




{Q2,xti} 





22J5 



{Q2,Xla} = V2lD^^{B+-zC), 



{Q2, X2a} = V^iDi^B. 



221 



Q2,^V- ixt2 



—I 



12 



- i[Bt2 - + iC] - , B^,]. 



(5.5^ 



It is straightforward to verify that (Qi)^ = (^2)^ = on-shell, while {Qi,Q2} gives a 
gauge transformation generated by 0. 

Notice that these equations are compatible with the U{1) symmetry (which will be 
further exploited below) 



-°ii ^ ^ -'^11; 



-^22 ^ -^22' 



22 5 



B+ ±iC ^ e^^"(S+ ± iC), 
^^2±^C-e^^"(V^+±^C), 



(5.59) 



which does not act on the rest of the fields. 



5.4.2 Mass perturbations 

We now turn to the discussion of the possible ways of (softly) breaking A/" = 4 supersym- 
metry by suitably adding mass terms for the chiral multiplets. Let us consider first the 
situation that arises on a flat IR^. By adding a bare mass term for just one of the chiral 
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multiplets, say $i, 

AL^^) = m j ciW^Tr($i)2 + h.c, (5.60) 

A/" = 4 supersymmetry is broken down to A/" = 1. The corresponding low-energy effective 
theory, at scales below m, is A/" = 1 supersymmetric QCD, with SU (2) as gauge group, 
coupled to two massless chiral superfields in the adjoint representation with a (tree-level) 
quartic superpotential induced by integrating out the massive superfield. As shown in 
39|, this theory has a moduli space of vacua where both a Coulomb and a Higgs phase 
coexist. On the other hand, equal bare mass terms for two of the chiral multiplets, 

AL(2) =rn j rfW^Tr(<l>i$2) + h.c, (5.61) 

preserve J\f = 2 supersymmetry, whereas if the mass terms are different: 

A'L(2) =mi j c/W^Tr($i)2 + m2 j rfWeTr($2)^ + h.c, (5.62) 

A/" = 4 supersymmetry is again broken down to A/" = 1. However, both theories flow in 
the infrared to a pure TV = 2 supersymmetric gauge theory, which has a moduli space of 
vacua in the Coulomb phase. Finally, mass terms for the three chiral multiplets, no matter 
whether the mass parameters are equal or not, preserve only A/" = 1 supersymmetry. Of 
the three inequivalent ways of breaking A/" = 4 supersymmetry down to A/" = 1, we must 
choose the one in terms of which the analysis of the vacuum structure of the resultant 
A/" = 1 theory is simplest. The appropriate choice is [ |lUm 



AL(3) =mj dW^Tr(($i)2 + ($2)^ + ($3)^) + h.c, (5.63) 

in terms of which the classical vacua of the resulting A/" = 1 theory can be classifled by 
the complex conjugacy classes of homomorphisms of the SU{2) Lie algebra to that of G. 
In the case that G = SU{2), for example, there are three discrete vacua, corresponding 
to the three singularities of the mass-deformed A/" = 4 supersymmetric gauge theory with 
gauge group SU{2) [p^ . 

On general curved manifolds the naive construction sketched above simply does not 
work. As explained in ||10CI|| ||109|| , superpotentials of a twisted theory on Kahler manifolds 



must transform as (2, 0)-forms. This comes about as follows. Let us consider the situation 
for M = 2 theories, as it turns out that all the other cases can be reduced to it. A general 
superpotential can be written in A/" = 1 superspace as 

rfW^W + h.c, (5.64) 

where W is an anti-holomorphic function of the chiral superfields. Now, viewed as part of 
the J\f = 2 superspace (with coordinates 6*^ and 9°, i = 1,2), the measure (P9 carries an 
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SU{2)j index, = d62ad62'^, and therefore after the twist on a Kahler four- manifold it 
carries non-trivial charge under U{1)l. In fact, after the twist d'^6 becomes a (2, 0)-form 
according to the above conventions, so W must be a (0, 2)-form on X, and therefore W 
must be a (2, 0)-form as stated. 

Now, according to our conventions, two of the chiral superfields, $i and $3 (whose 
scalar components are Sj*^ ± iC and (j), resp.) are scalars in the twisted model, while 
the third one, $2 (whose scalar components are B^^ and -B^), is a (2, 0)-form. A suitable 
mass term for $2 and one of the other scalar superfields, say $1, can be readily written 
down and reads: 

AL{m)=m rf^0Tr(<l>i$2) + h.c. (5.65) 
Jx 



In ( |5.65|) m is just a (constant) mass parameter. A mass term for the remaining superfield 



$3 requires the introduction of the (2, 0)-formQ uj [|109 



AL{uj) =[ujA dhd^OTii^sY + h.c. (5.66) 
Jx 

Therefore we now turn to studying the effect of the following mass terms for the chiral 
multiplets $1, $2 and $3: 



AL{m,uj) = m c/20Tr($i$2) + m / rf^^Tr($|$ 
Jx Jx 

+ I d2^o;Tr(<l>3)2 + f d^Qi:i{<^lf 
Jx Jx 



(5.67) 



where, for simplicity, uj = Uu = {o'^^)iiUJT-xe^'''^^ stands for the only non- vanishing com- 
ponent of the (2, 0)-form uj, while u = U22 = stands for the only non-vanishing 
component of the (0, 2)-form lj conjugate to u. 

After expanding the fields and integrating out the auxiliary fields one gets the contri- 
butions 

-2V2iujB3[Bl bI] - 2V2iujBl[Bi, B2] - A\uj\^B^bI 



-2V2imB2[Bl, bI] - 2V2imBl[B2, B^] - m^^s^a 



,-, \ 3 \ 3a 

■.W ^VIlbU2[J->2, -^3J — "t -tJ2-"^ 

-2V2tmBi[Bl bI] - 2V2imBl[B3, Bi] - m^BiB\ 



(5.68) 



"'^Of course, this sets on the manifold X the constraint 7^ 0, which for Kahler manifolds is 

equivalent to demanding 6^ > 1. This excludes, for example, the case of CP^. 
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The M = 1 transformations for the fermions get modified as follows: 

6\i^ = ...-V2t^^mBl 
5\~^^ = ...-V2^~^^mBl 
5Xr,^ = ...- 2V2t,.ujBl 

(5.69) 

(and their corresponding complex conjugates). In terms of the twisted fields the mass 
contributions are - see (|5.1|): 



Tr |-2V2icj0[5+ + iC, B+] + 2V2icj0[5+ - iC, 5+] - 4|cj|V^ 

-2V2imBtABt2, 0] + m'^Bf^Bt^ + m + (^^2 - 

+mijjf^i/j22 + mx2aXi" + V2im(j)[B^2 + ^C*, B^^ ~ "^C*] 
-V2im(j)[Bt2 + iC, Bt2 - iC] - m^j^i+a + iCj^}. 



(5.70) 



Notice that the mass terms (|5.7CI| ) explicitly break the ghost number symmetry, but they 
preserve the U{1) symmetry (|5.59| ). 

The Qi transformations (|5.57 ), which are the only ones to survive the perturbation a 
priori, also get modified in a way that is dictated by the underlying Af = 1 structure, so 
that in view of ( [5. 691 ) they become: 



{Q^r\^ti} 



Q^r\i't2+'^C 



-2i[(p, Bt2 + iC] + V2m(5+ + iC), 
-2 [5+ + iC, fii+i] + 2V2iuj(i). 



(5.71) 



(The rest of the transformations remain the same.) Notice that the fixed-point equa- 
tions which stem from ( p. 71 ) are precisely the F-fiatness conditions as derived from the 
superpotential 



C 



iv^Tr ($i[$2, $3]) + mTr (<l>i<l>2) + cuTr(<l>3)'. (5.72) 

,n analyse eqs. (|5.71|) following ||100|| . They admit a trivial solution B^^ = B^2 = 
0, where the gauge group is unbroken and which reduces at low energies to the 
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M =1 pure SU (N) gauge theory (which has N discrete vacua). In addition to this trivial 
vacuum, eqs. (|5.71| ) admit a non-trivial fixed point (the irreducible embedding in [|10CI|| ) 
in which 0, and therefore B^^, and C, are not zero. On fiat space-time this solution 
corresponds to a Higgs vacuum in which the gauge group is completely broken. All these 
vacua have a mass gap: the irreducible embedding is a Higgs vacuum, while the presence 
of a mass gap in the trivial vacua is a well-known feature of the M = 1 SYM theory. 
When N is prime, these are the only relevant vacua of the M = 1 theory. There are 
other, more general, solutions to (^.71|) which leave different subgroups of G unbroken. 
However, in all these solutions the unbroken gauge group contains U{1) factors and one 
expects on general grounds that they should not contribute to the partition function ||100|| . 
On the other hand, when N is not prime, there are additional contributions coming from 
embeddings for which the unbroken gauge group is SU{d), where c? is a positive divisor of 
d. The low-energy theory is again an A/" = 1 SU (d) gauge theory wihout matter with d 
massive discrete vacua. Now in the long-distance limit, the partition function is given as 
a finite sum over the contributions of the discrete massive vacua of the resulting A/" = 1 
theory. For G = SU{N) the number of such vacua is given by the sum of the positive 
divisors of N The contribution of each vacuum is universal (because of the mass 

gap), and can be fixed by comparing to known mathematical results ||100|| . 

This analysis is valid only on hyper-Kahler manifolds, as in this situation one can 
pick a section of which vanishes nowhere. On more general Kahler manifolds, this 

picture must be corrected near the zeroes of the two-form u along the lines proposed in 



[[Tool] Ml . 



With the mass terms added, the action 5* + AL{m,uj) is only invariant under Q^™'''^-'. 
To deal with the mass terms proportional to m, we shall proceed as follows. We will 
modify the Q2 transformations by appropriately introducing mass terms (proportional to 
m), in such a way that Q~^{m) = Q^"*^ + (with mass m, and a; = at this stage) be 
a symmetry of the original action plus mass perturbations. We will show this by proving 
that L + AL{m,u = 0) is actually Q"'"(m)-exact. To this end we make the replacements: 



{Q2, ^^2} = HBt2^ <P] {Qt\i^t2] = HBt2^ (t>] + V2mB, 



225 



^ I ^.r , . I ^(m) - _L ^ 



-2i[(f), 5+ - iG] - 2v^m(5i+2 - iG) 

(5.73) 



(the rest of the transformations remain the same). Notice that still ((52™'')^ — 0- Next we 
spell out the Q~^{m) = Q^^^ + (52'"''"transformations: 
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[Q+(m),i?+] = v^^+, 

[Q+(m),52+2] =72 7/^2+2, 

[g+(m), 5+2 ±iC] = V2 (^t2 ± ^c) , 

{g+(m),V^+} = 2^[5+,0] - v^m5+, 
{g+(m), ^2+2} = 2^[52'2, 0] + V^m52+ , 

|g+(m), V^+2 ± = nBt2 ± ^C, 0] ± v^m(i?+ ± zC). 

(5.74) 

On any of these fields (which we denote generically by X) the charge Q^{m) satisfies the 
algebra: 

(g+(m))2x = 2V2i[X,0] + 2mgX, (5.75) 

where g = — 1 for Bf^, ip^^, B^2 ~ ^C* and ijjf2 ~ fC^ and q = +1 for S^, ■?/'^, i?j*2 + and 
'^12 + |C- Notice that these charge assingments are compatible with the U{1) symmetry 
that we discussed above, and in fact one can see the "central charge" 6qX = 2mqX arising 
in the algebra (|5.75|) as an infinitesimal U{1) transformation with parameter m. 



We also extend the Q~^{m) transformation off-shell by declaring its action on Haa to 

be: 

[g+(m), Hi^] = . . . - 2mxia, 
[g+(m), H2a] = . . . + 2mx2a- 

(5.76) 

In this way, Q~^{m) closes on Hia, Xia with q = —1, and on H2a, X2a with g = +1. 

Let us now prove that the above modifications suffice to render the m mass terms 
g+(m)-exact: 

^ miij+K - i'tiB^2) "^^^ rn^Bt,B+2 + m^Ptii't2 ' V2tmB+2[B+, 0], (5.77) 



2V2 
and 



^rn I (5+2 - ^C) (^+2 + ^C) - iBt2 + ^C) - ^c) } ''^^ 



(5.78) 
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Notice, moreover, that these terms are hkewise Qi'"''^'* -exact: 
1 ~ o'-'"''^' 

--^m^+ m-'B+B+ + 771^+^2+2 - V2tmB+[B+, 0], (5.79) 

and 

-V2mUB+ - 10)4^^2} ^ -m^\Bt2 + iC\^ + y2im0[S+ + iC, 5+ - iC] 

(5.80) 

But we have not yet reproduced the terms - see ( |5.70| ): — A/2im0[5^ + iC,B^2 ~ "^C*], 
—2\/2imB^^[B22, (p] and mx2aXi"'- These come from pieces aheady present in the gauge 
fermion. Exphcitly, 

Tr Llr'^nA ^-^^ mx2aXi^ (5.81) 



4' 



and 



^#„„B"''l + ilC,Cl|«^" 

-V2im4>[B+ + iC, B+ - iC] - 2v^im5+ [5, 



(5.82) 



The analysis of the terms containing the (2, 0)-form u can be carried out essentialy as 
in the Donaldson- Witten theory. The perturbation breaks up into a Q^^''^^ -exact piece: 

Trj -2V2tLU^[Bt2 + tC, 5+] - 4|^| ^0 - 2tLuxti Qr/ - txi 



12 r' 



and an operator of ghost number +2: 

J{lu) = y Tr (2V2iu(t)[B+ - iC, B+] + i^^2aip2 



(5.83) 



(5.84) 



Equation ( |5.84| ) is not very useful as it stands. To rewrite it in a more convenient form 



we note that from (5.52) it follows that: 



2\/2ia;Tr - iC, B^^l } = ^^Tr ({g+, cj0x^2}) - V2iujTT {(pF^^) ■ (5-85) 
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Hence, 

J{u) = {g+, ■■■} + J^iuTi (^2d^2" - V2t<j)F+^ , [Q+, 1(00)] = 0. (5.86) 



Moreover, as the m mass term does not enter in any of the above calculations, the results 
also hold for Q~^{m). 

The preceding analysis implies that if we denote vacuum expectation values in the 
twisted theory (which has topological symmetry Q+and action L) by (...), in the com- 
pletely perturbed theory (with action L + AL{m,uj) and symmetry Q^^''^^) by (. . . )m,Lu, 
and in the equivariantly extended theory (with action L + AL{m) and symmetry Q~^{m)) 
by (• • • )m; the situation for the partition function is the following: 

(1)^,. = (e-^(^)e-^^(™)) = (e-^(^)>^ . (5.87) 

(m,aj) 



In the first equality we have discarded the Q^'"''^ -exact term (|5.83| ). Notice that it is 



also possible, for the same reason, to discard the terms in { f).7£ ) and ( ^.80| ). This leaves 
the Q^™'"^ ''-closed action L + A^^-* + J (Co), where A^^^ are the mass terms ( |5.81| ) and ( [5. 821 ), 
i.e. 

A(i) = m /" Tr [x2axt " ^^^0[5l+2 + ^C, 5+ - zC] - 2V2zB+[B+, 0]) . (5.88) 

Notice that A^^^ has ghost number —2, while J{Cd) has ghost number +2. Also L + A^^^ 
is {m) -closed (in fact it is Q'^ {m) -exact up to a 6'-term). Hence, we can trade J{uj) for 
{Q+(m), ■ ■ ■ } + I{uj) and discard the Q+(m)-exact piece in (|5.85|) . We are left with the 
action 

L + AW + I{oo) . (5.89) 

Q+(m)-cxact Q+(m)-closed 

Now, as noted in [ |109|| in a closely related context, I{Cd) (or rather J{lj)) is the F-term 
of the chiral superfield $3; therefore, it cannot develop a vacuum expectation value if 
supersymmetry is to remain unbroken. Strictly speaking, this applies to {ip2'4^2)- As for 
the remaining term (f)[B^2 " ^C*, -B^], one can readily check that it vanishes on the moduli 
space. Hence, 

(e^(-)>^ = (l). = (e-^'^'). (5.90) 

Finally, since A*^^^ has ghost number —2, its vev in the original theory must vanish 
as well, if the ghost number symmetry is to remain unbroken. Hence, under these as- 
sumptions, the partition function is indeed invariant under the perturbation as stated in 

iiooi. 
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5.4.3 Equivariant extension of the Thorn form 

On Kahler manifolds there is a f/(l) symmetry ( ^.591) acting on the moduh space. This 
symmetry was already noted in ||10CI|| within the discussion of the vanishing theorem, 
which guarantees localization on the moduli space of ASD connections, but not further 
use of it was made. We have discussed it in the previous section in connection with the 
mass perturbations. Its action on the different fields is the following: 



B 



11 



B 



11) 



-Vi+i, 



B+-tC 

i'ti e- 
^i^-fC 



~ —it ~ 



r5+ ^it r)+ 

£?22 * J->22: 



B 



\^t2 - 10, 



H 



la 



-nio. 



^2-riC^e'\B++tC), 
^i+2 + tC->e**(^i+2 + tC), 

X2a e**X2(i, 



(5.91) 



2a 



2a- 



The gauge field A, the antighosts xtif} the scalar fields and cj), carry no 

charge under this U{1). These transformations can be thought of as defining the one- 
parameter flow associated to the action on the field space Ai of the following vector field 



X 



M 



{0,-tB+,tB+, 



-i{Bt2-iC),i{Bt, + iC)) 



(5.92) 



From the viewpoint of the Mathai-Quillen formalism, the unperturbed twisted theory 
provides a representation of the ^-equivariant de Rham cohomology (in the Cartan model) 
on the moduli space. However, the formulation is not equivariant with respect to the U{\) 
action. In other words, the perturbed action is not invariant (i.e. it is not equivariantly 
closed) under the unperturbed twisted supercharge. On the other hand, it is invariant 
under the perturbed twisted supercharge. In fact, the twisted supercharge Q^{rn) of the 
perturbed theory can be interpreted as the generator of the f/(l)-equivariant extension of 
the ^-equivariant de Rham cohomology on the moduli space. This connection between 
massive extensions of twisted supersymmetric theories and equivariant cohomology was 
exploited in [^, where the explicit construction leading to the idea of the equivariant 
extension was carried out in detail. In what follows, we will try to adapt the construction 
in to our problem. We intend to be as sketchy as possible, and therefore refer the 
reader to the work cited above for the minute details of the construction. 

The idea underlying the construction is the following. Prior to the perturbation, we 
have a topological field theory which admits a Mathai-Quillen description with BRST 
charge . This means, among other things, that the corresponding Lagrangian is a 
(^"""-commutator. After adding the mass terms proportional to m, it is possible to modify 
the transformation laws so that the perturbed Lagrangian can be written as a Q^{m)- 
commutator as well, where Q^{m) are the modified topological transformations. In view 
of this, it would be tempting to assume that there has to be a standard Mathai-Quillen 
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construction associated to the new topological theory. However, the perturbation has not 
changed the geometrical setting of the problem, so there is a priori no reason why the 
Mathai-Quillen formulation should change at all. In fact, it does not, and it turns out 
that the perturbed theory admits no standard Mathai-Quillen formulation. However, as 
pointed out in |^|, the formalism allows a natural generalization in those situations in 



which there is an additional symmetry group acting on the moduli space. The geometrical 
construction involved is an equivariant extension of the Thom form of E within the 
framework of the Mathai-Quillen formalism. 

The Mathai-Quillen formalism provides an explicit representative of the Thom form 
of the oriented vector bundle E = M. Xg JF. The bundle E is awkward to work with, and 
it is preferable to work equivariantly, i.e. to regard E explicitly as an associated vector 
bundle to the ^-principal vector bundle M. ^ T ^ E . The Mathai-Quillen representative 
of the Thom form of E is ^-equivariantly closed and basic on x (and hence descends 
naturally to E\ In the Weil model for the ^-equivariant cohomology of the Mathai- 
Quillen form is an element in VV(g) ® f2*(F) (W(g) is the Weil algebra of G) given by 

U = e"!''!' j Dx exp ^XiKijXj + ixM^i + . (5.93) 

In ( |5.93| ) Xi are orthonormal coordinates on the fibre JF, and dxi are their corresponding 
differentials. The Xi ^^re Grassmann orthonormal coordinates for the fibre, while K and 9 
are the generators of VV(g). The Chern-Weil homomorphism, which essentially substitutes 
the universal realizations K and 9 by the actual curvature and connection in x JF, gives 
the link between the Universal representative U and the Thom form ^{E). The important 
point is that while U is ^-equivariantly closed by construction, it is not equivariantly 
closed with respect to the U{1) action. It seems natural to look for a redefinition of 
the representative ( |5.93| ), which is f/(l)-equivariantly closed. The equivariant extension 



of U with respect to the U{1) action simply amounts to finding a suitable form p such 
that f/ + p is f/(l)-equivariantly closed ^j. Within the framework of the Mathai-Quillen 
formalism this amounts to replacing the curvature K with a new equivariant curvature 
^u{i) which is just the original curvature 2-form K plus an operator La involving 
the infinitesimal U{1) action and the connection 1-form 9. In the Cartan model, which 
is the best suited to topological field theories, the connection form is set to zero, and 
hence the equivariant extension of the curvature is just the original one plus an operator 
implementing the infinitesimal U{1) action. This may sound rather abstract, so we now 
proceed to the actual construction. The main ingredients are a U{1) action defined on 
the moduli space and the fibre JF, under which the metrics on both the moduli space and 
the fibre must be invariant, while the section s : M. has to transform equivariantly; 
that is, if (j)^ and 0^ denote the action of U(l) on J\A and respectively, then 



= 0f ■ . (5.94) 
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This can be easily verified in the present problem in view of the form of s ( |5.53|) and 



the U{1) actions (|5.91|) . As for the metrics, it suffices to show that for two vector fields 
{0,X~^,x) and {0,Y^,y), their scalar product is invariant under the U{1) action ( |5.91| ). 
According to our conventions, TrX^^F"^"^ = — 4TrX A *Y, so a natural definition for the 
metric on the field space would be as follows ((|) denotes the scalar product on TJ\4): 

((0,X+,x)|(0,F+,i/)> = - / Tr(X+F+"^)+2 / Tr * (xy) = 

Jx Jx 

- [ Tr(X+r22+ ^2+2^1)+ / Tr [(X++za;)(r+-zi/) + (X+-^x)(r+ + zy)], 
Jx Jx 

(5.95) 

which is indeed invariant under the U{1) action. 

To incorporate the U{1) action to the Mathai-Quillen construction for the theory, 
we modify the transformations of the ghosts and the auxiliary fields charged under 
U{1) by replacing the curvature with its equivariant extension = + Ct, where 
£t generates on the fields an infinitesimal U{1) transformation. According to ( ^.911) , this 
affects only ip^p, C H^a- In view of ( [5. 521 ), the new transformations read: 



{g+(t),^+} = 2^{[Bt,A]-^tB 
{Q+(t),4+} = 2z([52+2,0]+^t5; 



1175 

+ ) 

22^' 



|Q+(t),V^+ ±^C} = 2t{[Bt,±tC,<P]±tt{Bt,±tC)) 

[Q+{t),Hi^] = 2V2t{[xia,4>]-itXia)-V2[Q+,siai, 



(5.96) 



If we now set t = —mj\f2 we see that eqs. ( 5.96| ) reduce precisely to the Q'^{m) trans 



formations ( p.74| ) and ( |5.76| ). The transformations ( |5.96| ), when applied to the gauge 
fermion 

* = ^^^'3;V^Tr{-^r"(^;^-V2s««)-^X°^(^;/3-^«/3)} 

+ 1/" rf^xy^Tr{-i=0(P„^V'°" + ^v^[V^a/3,S"1-^v^[C,C])| 

2v2 J 

y d^x v/^Tr{ ^r7[0,0] }, 



^0 Jx 



(5.97) 



reproduce the original unperturbed action plus the mass terms ( |5.81| ) and ( [5.82| ). To ob- 
tain the remaining mass terms we note that, as is standard in topological (cohomo logical) 
field theories, there remains the possibility of adding to the action a Q'*' (t)-exact piece 



without - hopefully - disturbing the theory. As discussed in |65|, the requisite piece can 



Duality in Topological Quantum Field Theories 



71 



be interpreted as tlie equivariantly-exact differential form which is conventionally added 
to prove localization in equivariant integration. It has the form {Q^{t),uJxj^}, where 
ujxm is the differential form given by uxj^{Y) = (Xjniy), Y being a vector field on M.. 
In view of the form of the vector field Xj^ ( |5.92| ) and of the metric ( [5.95| ), and keeping 
in mind that the ghosts {ip^ip^ provide a basis of differential forms on A^, this form 
gives a contribution 

^Tr(^+Hi?+)+^+(z5+)) +|^Tr(^^^^ 

(5.98) 




But these are precisely the terms ( |5.77| ) and ( [5. 781 ), which as we have seen give correctly 
the remaining mass terms. 



5.5 The partition function for G = SU{N 

In this section we will consider the Vafa-Witten theory for gauge group SU{N). As all 
the fields are in the adjoint representation of the gauge group, it is possible to consider 
non-trivial gauge configurations in SU{N) /T.^ and compute the partition function for a 
fixed value of the 't Hooft flux v G H'^{X, Zat). We know that the twisted J\f = 4 super- 
symmetric action breaks up into a Q^-exact piece plus a topological term proportional to 
the instanton number of the gauge configuration, 

= ^} - 2mk,To, (5.99) 

with the instanton number of a gauge bundle with 't Hooft flux v. This is an integer 
for SU{N) bundles {v = 0), but for non-trivial SU{N) /T-x bundles with t> 7^ one has 

iV - 1 

/c„ = V ■ V mod (5.100) 



where v ■ v stands for f^v Av . Therefore, as pointed out in [p.00|| , one would expect the 



SU{N) partition function to be invariant to tq — > tq + 1, while the SU{N)/W.]\i theory 
should be only invariant under Tq — Tq + 2N on arbitrary four-manifolds, and under 
To tq + N on spin four-manifolds (where f ■ f is even.) In any case, for odd N, we have 
invariance under tq ^ tq + on any four-manifold. 

As we have argued above, one can compute the partition function in terms of the 
vacuum degrees of freedom of the A/" = 1 theory which results from giving bare masses to 
all the three chiral multiplets of the Af = 4 theory. The partition functions on K3 for gauge 
group SU{N) and trivial 't Hooft fluxes have been computed by Vafa and collaborators 
in We will extend their results to arbitrary 't Hooft fluxes and compute the partition 
function on more general Kahler four-manifolds. These results have been presented in 
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5.5.1 The partition function on K3 

As a first step towards the derivation of tlie formula for tlie partition function we will 
consider the theory on K3, where some explicit results are already available. For X a 
K3 surface the canonical divisor is trivial, so there exists a nowhere vanishing section of 
the bundle of (2, 0) forms. Therefore, the mass perturbation u does not vanish anywhere 
and the above analysis of the vacuum structure of the A/" = 1 theory carries over without 
change. 

The structure of the partition function for trivial 't Hooft flux was conjectured in 
[p.00|| . This conjecture has been confirmed in |^2|] by studying the effective theory on 
coincident M5-branes wrapping around K3 x T^. The partition function for zero 't Hooft 
flux is almost a Hecke transformation of order A^ P] of G{t) = ?7(t)~^^, with //(r) the 



Dedekind function - see eq. (3.7) in [32|: 



^v=0 = 



0<a,!),de2 
ad—N, b<d 



Notice that the number of terms in ( p.lOlD equals the sum of the positive divisors of A^ 
as we mentioned above. When A^ is prime the formula is considerably simpler 

m=0 ^ ^ 

There are A^ + 1 terms, the first one corresponding to the irreducible embedding, and the 
other A^ to the vacua of the A/" = 1 SU{N) SYM theory. 

The SU{N) partition function is defined from (|5.101|) as Zsu(n) = j^Z^^q. From it, 
the SU{N) /"S-N partition function Zsu{n)/-s.m = Tliv^^ '^^^ t)e obtained via a modular 
transformation ||100|| (see the appendix in sect. |5.6| for details) 



^..m/z„(ro) = iv^'=(f)"'W)(-iAo) = i^ E d^Val'^). 

a,b,d ^ / 

p— gcd {b,d) 

(5.103) 

Notice the first equality in ( p.l03| ), which is, up to some correction factors which vanish 
in flat space, the original Montonen-Olive conjecture. 

To generalize ( ^.102| ) for gauge configurations with arbitrary 't Hooft flux we pro- 
ceed as in ||100|| . The A^ contributions coming from the A/" = 1 pure gauge theory 



vacua are related by an anomalous chiral symmetry which takes tq tq + 1. The 
anomaly is 2Nky — {N"^ — 1) (^^) = — (A^ — l)v ■ v + ■ ■ ■ , which is half the anomaly 
in Donaldson- Witten theory. Hence, the contributions from each vacuum pick anoma- 
lous phases e"*'^"^'^" = e*'^"'^™ . As for the contribution coming from the irreducible 
embedding, modular invariance requires that it vanishes unless v = 0. Hence, 
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= ^G(iVr„)^„,„ + 1 G (^) . (5.104) 

m=0 ^ ^ 



The Zy transform into each other under the modular group as predicted in |p.0(]| 



Z,(ro + l) = e-*-^^'Z,(ro), 



(5.105) 



To evaluate the sum over u we use formulas (|5.139|) and ( |5.140|) in the appendix to this 
chapter^. 

By summing over v in (|5.104|) we can check (|5.103|) 



'SU{N)/-S.N 



m=l ^ 



To + m 
N 



(5.106) 



The above results only hold for prime A^. We have not been able to find the appropriate 
generalization for arbitrary A^. 



5.5.2 More general Kahler manifolds 

On more general Kahler manifolds the spatially dependent mass term vanishes where 
uj does, and we will assume as in [|100|| [|109|| that u vanishes with multiplicity one on a 
union of disjoint, smooth complex curves Cj, j = l,...n of genus gj which represent 
the canonical divisor K of X. The vanishing of uj introduces corrections involving K 
and additional modular functions whose precise form is not known a priori. In the G = 
SU (2) case, each of the Af = 1 vacua bifurcates along each of the components Gj of the 
canonical divisor into two strongly coupled massive vacua. This vacuum degeneracy is 
believed to stem |100||109| from the spontaneous breaking of a ^2 chiral symmetry which 
is unbroken in bulk. This is exactly the same pattern that arises in all known examples 
of twisted M = 2 theories with gauge group SU{2) as the Donaldson- Witten theory 
and its generalizations p4[ P4|| p.09|| . This in turn seems to be related to the possibility 
of rewritting the corrections near the canonical divisor in terms of the Seiberg- Witten 
invariants ||110|| . In fact, it is known that the Vafa- Witten partition function for G = 



SU{2) can be rewritten in terms of the Seiberg- Witten invariants 
^Note that ivTS has x = 24, cr = -16, 6i = and 62 = 22. 
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The form of the corrections for G = SU{N) is more involved. From related results 
on Donaldson- Witten theory we know that the higher-rank case presents some new 
features. We have not been able to disentangle the structure of the vacua near the 
canonical divisor from first principles. Instead, we will exploit the expected behaviour of 
the partition function under blow-ups of X. This, together with the modular invariance 
of the partition function will suffice to completely determine the unknown functions. 



5.5.2.1 Behaviour under blow-ups 

Blowing up a point on a Kahler manifold X replaces it with a new Kahler manifold X 
whose second cohomology lattice is = 2) © where I~ is the one- 

dimensional lattice spanned by the Poincare dual of the exceptional divisor B created by 
the blow-up. Any allowed flux on X is of the form v = v(Br, where u is a flux in X 
and r = XB, X = 0,1, . . . N — 1. The main result concerning the SU{2) partition function 
in ||100|| is that under blowing up a point on a Kahler four-manifold with canonical divisor 
as above, the partition functions for fixed 't Hooft fiuxes Zj^^ factorize as Zx^v times a 
level 1 character of the SU{2) WZW model. It would be natural to expect that the same 
factorization holds for G = SU{N), but now with the level 1 SU{N) characters. In fact, 
the same behaviour under blow-ups has been proved by Yoshioka [|115|] for the generating 
function of Euler characteristics of SU{N) instanton moduli space on Kahler manifolds. 
This should not come out as a surprise since it is known that, on certain four-manifolds, 
the partition function of Vafa-Witten theory computes Euler characteristics of instanton 
moduli spaces [p^ ||100|] - This can be confirmed by realizing the Vafa-Witten theory as 
the low-energy theory of M5-branes wrapped on X x ||2^. It seems therefore natural 



to assume that the same factorization holds for the partition function with G = SU{N). 
Explicitly, given a 't Hooft fiux v = v Q) XB, A = 0, 1, ... X — 1, on X, we assume the 
factorization |p,15|| 

Zxd^o) = ZxAro) (5.107) 

where Xa(to) is the appropriate level 1 character of SU{N) - see the appendix to this 
chapter for details. This assumption fixes almost completely the form of the partition 
functions. Some loose ends can be tied up by demanding modular invariance of the 
resulting expression. 



5.5.3 The formula for the partition function 

Given the assumptions above, and taking into account the structure of the partition 
function on K3, we are in a position to write down the formula for Kahler four-folds X 
with /i(2,o) ^ 0. We will first assume that the canonical divisor K is connected and with 
genus g — 1 = 2x + 3cr. The formula is then 
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+iV 




G(iVro 



e ^ 



m=0 



To + m 
AT 



I//2 



(5.108) 

where z/=^^, G(r)=r7(r)~^^ (with r] the Dedekind function) and \K\fq is the reduction 
modulo of the Poincare dual of K. In ( |5.108| ) x\ ^-^'s the SU{N) characters at level 1 
(see the appendix |5.6|) and Xm \ are certain linear combinations thereof 



Af-l 



Xm,x[roj 



-E 



,^0 



< m,A < A^- 1. 



(5.109) 



A'=0 



The structure of the corrections near the canonical divisor in ( [5.108| ) suggests that the 
mechanism at work in this case is not chiral symmetry breaking. Indeed, near K there is 
an A^-fold bifurcation of the vacuum, and the functions xa, Xm,x (with m fixed) are not 
related by a shift in tq as it would be the case were chiral symmetry breaking responsible 
for the bifurcation. A plausible explanation for this bifurcation could be found in the 
spontaneous breaking of the center of the gauge group (which for G = SU{N) is precisely 
Zat.) This could come about as follows. Let us focus on the irreducible embedding. 
For trivial canonical divisor the gauge group is almost but not completely Higgsed in 
this vacuum. In fact, since the scalar fields transform in the adjoint representation of 
SU{N), the center C SU{N) remains unbroken. The SU{N) gauge threory has 
string-like solitons |44] which carry non-trivial ^tv- valued electric and magnetic quantum 
numbers. If these solitons condense, the center is completely broken giving rise to 
an A^-fold degeneracy of the vacuum. Each vacuum is singled out by a different value 
of the ^AT- valued flux. Now for non-trivial canonical divisor K as above, the irreducible 
vacuum separates into A^ vacua with magnetic fluxes A[i^']Ar! One could be tempted to 
speculate further and identify the surface K (or the Cj below) with the world-sheet of the 
condensed string soliton. 

As in [|100|| we can generalize the above formula for the case that the canonical divisor 
consists of n disjoint smooth components Cj, j = 1, . . . ,nof genus gj on which u vanishes 
with multiplicity one. The resulting expression very similar to that in | p,00|| 



N-1 



m=0 




7] 



Xm,X \ „2||r^^.[p^. 



u/2 



e N 



N 



u/2 



(5.110) 



76 



The Vafa-Witten theory 



where [Cj]^ is the reduction modulo N of the Poincare dual of Cj, and 



N, 



(5.111) 



where = 0, 1, . . . — 1 are chosen independently. 
(^lOHD when n = 1. 



Notice that (5.110) reduces to 



The above formulae for the partition function do not apply directly to the SU (2) case. 
For N = 2 there are some extra relative phases - see equations (5.45) and (5.46) in ||100|| 
- that we have not considered here. Modulo these extra phases, (|5.108|) and (|5.110|) are a 
direct generalization of Vafa and Witten's results. They reduce on K3 to the formula of 
Minahan, Nemeschansky, Vafa and Warner |]82| and generalize their results to non-zero 't 
Hooft fluxes. Moreover, as we will show momentarily, they transform as expected under 
duality and factorize appropriately under blow-ups. Therefore, the above results ( |5.108|) 
and (|5.110|) can be seen as predictions for the Euler numbers of instanton moduli spaces 
on Kahler four-manifolds with 6^ > 1. 



We can actually be more specific about the possibility of including relative phases 
between the contributions of the different vacua along the cosmic string. In ||100|| there is 
one such phase tj, j = 1, . . . ,n for each component of the canonical divisor. These phases 
reflect an anomaly in a ^2 symmetry that permutes the bifurcated vacua along each Cj. 
In the present case there seems to be no such potentially anomalous symmetry permuting 
the N vacua along each Cj, so one could think that there is no reason to include any 
relative phase. But let us just ignore this for the time being and try to see whether eqns. 
(^.108|) and ( ^.110| ) can be generalized to incorporate such phases while still preserving 
the required modular properties. The generalization we seek amounts to replacing ( |5.110|) 
with: 



£ 

N-l 




m=0 lj=l \A=0 



j=l A=0 
n /N-l 



V 



GiNro] 



. AT— 1 o 



u/2 



1 ^f Tp + m . 



u/2 



(5.112) 



where the nN quantities tx-' , with A = 0,... — 1 and j = 1,... ,n, are a priori 
arbitrary complex numbers. By rescaling the partition function we can always set to"' = 1, 
j = 1,... ,n. 

Let us first consider factorization under blow-ups. Let B be the exceptional divisor 
created by the blow-up. The partition function on the blown-up manifold is exactly 
the same as above but with an extra term in the product over the components of the 
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canonical divisor which accounts for B. This new term contains complex numbers tf, 
with = 1 as above. Going through the details (see section 5.5.3.1 below) it follows that 
the partition function factorizes properly under the blow-up provided = 1 for all A. In 
the SU{2) case a similar result holds which follows from the constraint Ylj tj = 
doesn't change under blow-ups, so on the blown-up manifold (Hj^jO^B — which 
forces tB = 1.) We don't know if a similar constraint holds for N > 2, but the above 
result strongly suggests that it does. 

The behaviour under tq — I/tq imposes two strong constraints on the tx-'- Under 
To — I/tq the contribution from the irreducible embedding is mapped to the term with 
m = in the contribution from the A/" = 1 vacua, and this holds true for ( p.ll2| ) provided 
tx-^ = tN-x-' for all j. In addition, the term with m = k > is mapped to the term with 
m = h, where kh = —1 mod A^, and this requires tx^ = tkx-' = thx^ ■ By considering 
all possible values of k we find that tx^ = tkx' for all k = 1, . . . ,N— 1, which implies 
ti^ = ^2"' = ■ ■ ■ = tN-1'' ■ Hence, we end up with a single P for each component Cj of the 
canonical divisor. It is now clear that the above result is not consistent with having an 
anomalous symmetry permuting the vacua along each Cj, and not knowing of any other 
mechanism that could be responsible for having P 1, we will assume that the P = 1 for 
all j. 

Finally, it could be interesting to investigate whether ( ^.108| ) and ( ^.110|) can be rewrit- 
ten in terms of the Seiberg-Witten invariants. We believe that this is not the case for 
the following reason. Let us suppose that it is actually possible to do so. Then one 
would expect, by analogy with the result for SU(2) that the Donaldson- Witten par- 
tition function for SU{N) ||76|] should be recovered from the Vafa- Witten SU{N) partition 
function in the decoupling limit go 0, m — oo with w?^ fixed. In particular, one 
would expect that the structure of the corrections involving the canonical divisor should 
be preserved in this limit. Now in the DW partition function in []7B[, these corrections are 
written in terms of the Seiberg-Witten classes x For G = SU (N) these basic classes 

appear in the generic form J2xi xn-i '^^i ' ' ' ^^n~i h^xi are the Seiberg-Witten invariants 



110|| ). Therefore, for G = SU{N) there are N — 1 independent basic classes contributing 
to the above sum. On a Kahler manifold with canonical divisor K = GiU G2U ■ ■ ■ U Cn, 
with the Gj disjoint and with multiplicity one, each of these basic classes can be written 



as 



Pi 

with each pj^ = ±1 [l 

over the pj. This is analogous to the sum over the ej in ( |5.110|) , and both sums should 
contain the same number of terms were it possible to rewrite ( p.llO] ) in terms of the basic 
classes. However, while in the sum over the pj there are 2^^^~^^ terms, the sum over the 
Ej contains A^" terms. Notice that this two numbers do coincide when iV = 2, as it should 
be, but for N ^ 2 this is no longer the case. 



, and the sum over the basic classes can be traded for a sum 
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It would certainly be most interesting to extend these results to all (not necessarily 
prime), and to investigate what the large N limit of (|5.108| ) and (|5.11CI|) correspond to 
on the gravity side in the light of the AdS/CFT correspondence. This remains as yet an 
open problem. 



5.5.3.1 Blow-ups 



Given ( p.llO| ), we can see explicitly how the factorization property ( p. 1071 ) works. Let X 
be a Kahler four-fold with Euler characteristic x = 2(1 — fei) + 62, signature a = 6^ — 6^ 
and canonical divisor K = U^^^^Cj, and let X be its one blow-up at a smooth point. Then 
61 = 61, 62 = ^2 + 1, X = X + 1) ^ = ^ ~ 1 K = K U B , where B is the exceptional 



divisor, which satisfies B ■ Cj = and B 



1 = gB — I- Consider a 't Hooft flux 



V = V (B XB in X, where f is a flux in X and A is an integer defined modulo A^. Now 
u = u, v"^ = v"^ — X"^ , V ■ Cj = V ■ Cj, V ■ B = XB"^ = —X and WAr(e) = J2]=i ^A'^An + ^B. 
Thus, the partition function ( |5.11(]| ) takes the form 



= I E ^-.-iv(o^A,e n n ( V ) ( V 

£,£ 3=1 A=0 ^ ' ^ ^ ' 



v/2 



N-1 



m=0 



j=l Va=0 ^ ^ ^ / \A=0 ^ ^ 



e ^ 



ro + m 
N 



u/2 



and therefore 



A A 



m=0 \A=0 



i=l A=0 



e 



Ar2 



Now, from ( ^.109| ) it follows that 



HE 

j=l Va=o 



G(Arro 



(5.114) 



N-l 

E 

A=0 



N 



E' 

A.A' 



.S^X{X'+X)J.£l^m(ixr-X^) ( ^ 



(5.115) 
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Summing over A and using ( |5.135| ) we get 

1 

N 



Hence, 



A,A' 



7] 7] 7] 



(5.116) 



n N-l 



N-l 



m=0 



i=l A=0 
■ n /N-l 

HE 

j=l \a=o 



u/2 



V 



e 



iV2 V iV 



7] 



(5.117) 



as expected. 



5.5.3.2 Modular transformations 



We will now study the modular properties of the partition functions ( |5.108|) and ( |5.110|) . 
With the formulas in section |5.6| one can check that they have the expected modular 
behavioui]^ 



Z,(ro + 1) = eii^(2x+3.)g-..iV-^z,(ro), 

^.(-1/ro) =iV-^^/^ (^)"'^'$:^'^^«(^o)' (5-118) 



and also, with Zsu(n) = N''^ ^Zq and ^5C/(JV)/Ziv = E ^v, 



ZsuiN){To + 1) = eii^(2^+3'^)Z5c/w(ro), 
ZsuiN)/^Aro + N)= eii^'(^>^+3'^)Zsc/(iv)/2^(ro), 



and 



'SU{N)\ 



ro\-x/2 



^5C/(Af)/2jvlToj, 



(5.119) 



(5.120) 



^We assume as in [10C| that there is no torsion in H2{X,^). Were this not case, Eqs. ( ^.120D and 
( |3.110 ) above should be modified along the lines explained in ]113| . 
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which is the Montonen-Ohve relation. Notice that since is odd, the SU{N) (or 
SU (N) I'S-n) partition function is modular (up to a phase) for ro(A^) on any four-manifold. 
On the other hand, for even N one would expect on general grounds [HIC] modularity for 
ro(2A^), or at most ro(A^) on spin manifolds. 

5.5.3.3 The partition function on 

We will finish by considering the twisted theory on T'^, where an unexpected result 
emerges. As K3, T"^ is a compact hyper-Kahler manifold (hence with trivial canoni- 
cal divisor). It has 61 = 4, 62 = 6 and x= = 0". On the partition function ( p. 1081 ) 
reduces to its bare bones 

1 ^"^ 

m=0 



and does not depend on tq! This should be compared with the formulas in The Zy 
are self-dual in the following sense 



^5^e^Z.. (5.122) 



Notice that since is a spin manifold, v"^ G 22, and therefore the sum over m in ( [5.121| ) 
vanishes unless = (modulo A^), so reduces to the rather simple form 

ZT't,v = Sv,o + jp^v^fi, (5.123) 

which gives the partition function for the physical J\f = 4 SU{N) theory in the sector of 
't Hooft flux V and in the limit Tq — »• 00 (which would explain the discrepancy with the 
results in fBHl-) 



5.6 Appendix 

Here we collect some useful formulas which should help the reader follow the computations 
in the preceding section. 

5.6.1 Modular forms 

The function G is defined as 

Gir) = (5.124) 

and is a modular form of weight —12 

G{T)^^'G{r), G{t)"^\-^^G{t), (5.125) 
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From (|5.125|) we can determine the modular behaviour of the different modular forms in 



the K3 partition function 



N \ N 



(5.126) 



where 1 < h < N — 1, mh = — 1 mod and prime. 

For arbitrary one has to consider the modular forms G (^^^^), where ad = N and 
b < d |^2[. These functions transform as follows 

ar + b\ r^-l/r I (i\ ^ I PT + cib' 



where p = gcd {b,d), d = d/p, b = b/p, b'b = —1 mod d. If 6 = 0, then p = d and 
b' = = b. Notice that for prime N ( ^JT^ ) reduces to (|5T26|) . 



5.6.2 Flux sums 

The basic sums we have to consider are of the form 



N-l N-l 



I(m, N) = Y, e^^(^-^) = ^ e'-^^'\ (5.128) 



A=0 A=0 

for 1 < m < — 1, and discrete Fourier transformations thereof 

N-l 



^g±^AA'g..--i^,,^ (5.129) 



A=0 



from which the sums over fluxes can be easily computed. The basic sum ( p.l28| ) is 
related to a standard Gauss sum G{m,N) = J2r mod e^*™'''^^ 111- fact, I{m,N) = 
I{m + A^, A^) and, since A^ is odd, it suffices to consider the case where m is even. But in 
this case 



N-l 



/(2a, N) = J2 e'"^'"^' = ^ e'^^™^'/^ = G{a, N). (5.130) 



A=0 A 

Now, when a = 1, 



G(l, iV) = ^(1 + z) f 1 + e-^') , (5.131) 
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6|, p. 165.) Moreover, for a > 1 and and odd prime, 

G(a,iV) = (^) G(l,iV), 



(5.132) 



where (-|:) is the Legendre symbol which is +1 if a is a perfect square (mod A^) and 
— 1 otherwise. Hence, taking ( |5.13U )-( |5.132| ) into account we have the resuh 



N-l 
A=0 



em, 



(5.133) 



where 



m/2 



m even, 



e(m) 



(5.134) 



'^^), -odd. 



If kh = -1 mod A^, e{k) = e{h) for = 5 mod 4, and e{k) = -e{h) for A^ = 3 mod 4. 
This property is essential in proving the second relation in ( |5.118|) . 
We also have the identity 



N-l 

E 

A=0 



A^'^A'.O, 



(5.135) 



and the fundamental result 



N-l 

E 

A=0 



g±^AA'g..V-A^ = e(m)v^e-f 



(5.136) 



with mh = — 1 mod A^ and A^ an odd prime. 



Now, given ( 5.133 ), the basic sum over fluxes Y^^q^^'^n^™-'"^ can be computed in terms 



of ([5l28| ) as follows - see flOg, eq. (3.21)-(3.22): 



J2 e'^^"""' = I{m, Nf^ I{m, N) ^'^ 



(5.137) 



v(im{x,7iN) 
so one has (for prime N) 



E 



■ N—1 9 



(e(m))'^Ar^^/2g-f(^-i) 



(5.138) 
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and also, from ( ^.1351 ) and (|5.136|) 



J2 e^"- = iV^^5.,o, 



with m/i = — 1 mod as above. 



(5.139) 



(5.140) 



5.6.3 SU{N) characters 

We have seen above that the corrections to the SU{N) partition function near the canon- 
ical divisor of the four-manifold X are given in terms of the level one characters xx of the 
SU{N) WZW model. These are defined as |5( 



^ «Je[A] 



A G Z mod iV, 



(5.141) 



where [A] is the A-th conjugacy class of SU{N), and the identification Xa(t) = Xx+NiT) 
is understood. Also, from the symmetry properties of the inverse Cartan matrix ( |5.142| ) 
it follows that xx = Xn~x- A = mod corresponds to w in the root lattice, while for 
1 < A < A^ — 1, [A] = {w G A^cigirt : w = d'^ + Xln^'ez "-'^''^a'}- "^a are the simple roots and 
the fundamental weights of SU{N), normalized in such a way that the inverse Cartan 
matrix A'^^' has the standard form 



AA' 



■a^' =Inf {A,A'}-— , l<A,A'<Ar-l. 



(5.142) 



The characters ( |5.141| ) have definite properties under the modular group ||50| 

XA(r + l) 

Xxi-l/r) = -^'T.e-'-^'^'xx'ir). 

V ^ A'=0 

(5.143) 

From the characters xx we introduce the linear combinations (A^ > 2 and prime) 



e-l(^-i)e-"^^^XA(r) 

Af-l 



N-1 



Xm,X[T) 



-E 



-2^AA' m^m(A')2 



Xx'{t), 0<m,A< AT-l, 



(5.144) 



A'=0 
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which have the cichcity property Xm+N,\ = Xm,x = Xm,\+N since N is odd. Under the 
modular group one has 

Xm,x{r + 1) = e-^^^''-'^Xm+iAr), 
Xo,a(-1/t) = -j=xx{r), 

Xm,A(-l/r) = 6(m) e-f (^-i)%'-^'^^'xmM(^), ^ > 0, 

(5.145) 

with mh — —1 mod N. 



Chapter 6 

Adjoint non-Abelian monopoles 



In this chapter we will study the second possible twist of the A/" = 4 theory. The twisted 
theory is well-defined on spin four-manifolds, and can be deformed by giving masses to two 
of the chiral multiplets. The massive theory is still topological on arbitrary spin manifolds 
and is in fact the twisted counterpart of the mass deformed A/" = 4 theory. Using the 
low-energy effective description of the physical theory we compute, within the u-plane 
approach of Moore and Witten [|^, the generating function of topological correlation 
functions for gauge group SU (2) and arbitrary values of the 't Hooft fluxes, and analyze 
the duality properties of the resulting formulas. 



6.1 The twisted theory 



The theory is deflned by the splitting 4 — > (2, 1) © (1, 1) © (1, 1) of the fundamental 
representation of S'f/(4)/ in representations of SU{2)l ® SU{2)r. As explained in ||114|| , 
this amounts to breaking SU (4)/ down to a subgroup SU (2) a ® SU (2) p ® U{1), and then 
replacing SU{2)l with the diagonal sum SU{2)'j^ of SU{2)l and SU{2)a- The subgroup 
SU{2)p © U{1) remains in the theory as an internal symmetry group. Hence, we observe 
that, as a by-product of the twisting procedure, it remains in the theory a symmetry 
which was not present in the original A/" = 4 theory, and which becomes, as we shall see in 
a moment, the ghost number symmetry associated to the topological theory. With respect 
to the new symmetry group H' = SU{2)'^ ® SU{2)r ® SU{2)p © U{1) the supercharges 
Q^a split up into three supercharges Q^^a)^ Q and Qa, where the index i labels the 
representation 2 of SU{2)f- In more detail. 



=1,2,3,4 




-Q 



v=2 



1; 



-a 



a) ; 



(6.1) 



The conjugate supercharges Q^a split up accordingly into a vector isosinglet and a right- 
handed spinor isodoublet supercharge, Qaa and Qia- 
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The fields of tlie Af = 4 multiplet give rise, after tlie twisting, to tlie following topo- 
logical multiplet (in the notation of reference ||114|| ): 



A ■ — 












A a ~ 




A-i) 


4^uv 







(6.2) 



where we have indicated the ghost number carried by the fields after the twisting by a 
superscript. Notice that the twisted theory contains several spinor fields. This means that 
the theory is not well defined on those manifolds X that do not admit a spin structure. 

I pB[ - see |]110|| for a related discussion -, one could try to avoid 



As explained in 

this problem by coupling the spinor fields to a fixed (background) SpiUc structure. This is 
essentially a fixed Abelian gauge configuration with magnetic fluxes through the two-cycles 
of X quantized in 2/2 instead of in 2, which would be the standard Dirac quantization 
condition. Quantum mechanics of electric charges is not consistent in this background, 
but it turns out that the obstruction to defining consistent quantum propagation can be 
fixed to cancel the obstruction to defining spinors on X |^ . We will not follow this path 
here, and therefore we will take X to be an - otherwise arbitrary - spin four- manifold. 



Some of the definitions in (|6.2| ) need clarification. Our choices for the anticommuting 
fields are: 



A. 



A^. 



A 



{v=l,2)a 



A 



Pa 



Xl3a — A (/3a), 



A(^,=3^4)q — Xia, 



y=l,2 



(6.3) 



whereas for the commuting ones we set: 



G(j=i)i = 013, 
G(i=l)2 = 023, 



C = 034, 
G(i=2)l = 014, 
G(i=2)2 = 024- 



(6.4) 
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In terms of the twisted fields, the action for the theory (on fiat H^) takes the form: 

(6.5) 

To obtain the corresponding topological symmetry we proceed as follows. First of 
all, we recall that the A/" = 4 supersymmetry transformations (|3.3|) are generated by 
iv^Q" a + aQv^- According to our conventions, to obtain the Q-transformations we 
must set = and make the replacement: 

^va = < (6.6) 
|^4(j;=3,4)a U. 

The resulting transformations turn out to be: 



6 Acta 


= 2ieipaa, 


6Gja — 






= -iV2eVaaC, 


6Xja = 


-2te[G,^,G], 


6C 


= 0, 




2eV(a"?/'/3)A, 






5B = 


V2eri, 




= -iV2eVaaG^'', 


5rj = 


2ie[B,C]. 



(6.7) 

The generator Q of the transformations ( |6.7|) satisfies the on-shell algebra {Q, Q} = 
Sg{C) where by Sg{C) we mean a non-Abelian gauge transformation generated by C. It is 
possible to realize this algebra off-shell, i.e., without the input of the equations of motion 
for some of the fields in the theory. A minimal off-shell formulation can be constructed 
by introducing in the theory the auxiliary fields Najj (symmetric in its spinor indices) and 
P\, both with ghost number 0. The off-shell BRST transformations which correspond to 



88 



Adjoint non-Abelian monopoles 



the enlarged topological multiplet can be cast in the form: 







{Q,i^aa} 








[Q,c] 


= 0, 


[Q, Gja] 




{Q, Xja} 




{Q,Xap} 






= 2V2t [Xal3,C] 


{QX'a} 


= P^- 


[Q,P'a] 




[Q,B] 


= V2r], 


{Q,v} 


= 2i[B,C]. 



(6.8) 

After some suitable manipulations, the off-shell action which corresponds to the topo- 
logical symmetry (|6.8|) is: 



--^ C7] - A^"[A.«, B] + zV2x''^[X^a, G^] + ^ Oa[r , C] 

-^[5,C]2-[5,G,«][C,G^°]}-27rzro^ ^ t/^Tr { }. 

(6.9) 

The To-independent part of the topological action above is, as it could be expected, BRST- 
exact, that is, it can be written as {Q, \E' }. The appropriate gauge fermion is easily seen 
to be: 

^ = rf^xTr{ ^Cf (^'<i + 2V2«V,^G^°) 

+ \xa(3 ( iV°^ + 2^F+-^ + 22[G',-, G'^] ) } 

- ^Jd'xTri lB[r^,C]}. 

(6.10) 

The next step will consist of the coupling the theory to an arbitrary background metric 
Qfj^i, of Euclidean signature. To achieve this goal we make use of the covariantized version 
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of the topological symmetry (|6.8|) (which is trivial to obtain), and of the gauge fermion 
\Ef, and then define the topological action to be Sc^^ = {Q, ^ }^^^ — 2mkTQ. The resulting 
action is: 



5(1) = ^ j d'x^Tii 
^0 Jx 



Xal3 



/3J 



-^[i?,q2_[i5^G'i,][C,G^-]|_27rzro-^ /" d^a; Tr { }. 



(6.11) 



Eqs. (K 



and ( |6.11|) summarize what we could say was the "standard" formulation 

However, we think there are several 



of the second twist as discussed by Yamron | 114 | 
subtleties that demand clarification. Since the twisted theory contains several spinor fields 
taking values in the fundamental representation of the internal SU{2)f symmetry group, 
and these fields are necessarily complex, as they live in complex representations of the 



rotation group and of the isospin group, it can be seen that the action ( |6.11| ) is not real. 
Moreover, there are more fields in the twisted theory than in the physical theory. To see 
this, pick for example the scalar fields (puv in the physical Af = 4 theory. They are 6 
real fields that after the twisting become the scalar fields B and C (which can be safely 
taken to be real, thus making a total of 2 real fields) and the isospin doublet bosonic 
spinor field Gia, which is necessarily complex and thus is built out of 2x2x2 = 8 real 
fields. Thus we see that 6 real fields in the J\f = 4 theory give rise to 10 real fields in the 
twisted theory. With the anticommuting fields this overcounting is even worse. In what 
follows we will break SU{2)f explicitly and rearrange the resulting fields wisely so as to 
avoid these problems. The outcome of this reformulation is that we will make contact 
with the non-Abelian monopole theory formulated in ||63|| ||64|| \f 



see 



7M for a review) 



As an aside we would like to comment on the reality conditions we have been forced to 
impose in this and the previous twist. It is well known that a similar problem arises in 
Donaldson- Witten theory. We are aware that it would be desirable to have at our disposal 
a systematic way of handling these issues. However, at present there is no such unified 
scheme - but see [15| for a concrete proposal in this direction. The best way to proceed in 
our opinion, is to consider the theory from the viewpoint of the Mathai-Quillen approach 
(whenever this is possible), where the geometrical content of the theory as well as the role 
played by each field are explicit. 

We start with the fields Gia, which we rearrange in a complex commuting two- 
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component Weyl spinor Mq, = and its complex conjugate M =6*1°. The constraint 
Gi" = {G2a)* looks rather natural when considered from the viewpoint of the physical 
A/" = 4 theory, in terms of which - recall eqn. (^.61) and 



r = .ni r =rs • (6-12) 



B^'\ ^ _ fhA _ (-B, 
Similarly, for the other isodoublets in the theory we make the rearrangements: 



Ala = 






= J^a, 


A2Q = 




C20 = 


= l^a, 


Pla - 


- /io-. 




= K- 


Finally, after redefining ip — 


^ -i^, C - 


► 0, i? — i> A and N^p - 


Ha 



(6.13) 



same), the action ( |6.11| ) becomes: 

^x"^[x./3,0]+*v^/i"[/ia,A] 



- r/[/i„, M"] + r/[/i„, M"] - ^ r/[r^, 0] - V^^^.fV^'^", A] 
+ v^raK,Mj - v^r^f^^^M,] - ^[0, A]2 

-[A,M„][0,M"] + [A,M,][0,M"]}-27r^ro^ ^ d^x Tr ^kF^.F'^^ }. 

(6.14) 

Let us now focus on the bosonic part of the action not containing the scalar fields 
and A. After integrating out the auxiliary fields, this part reads: 

I rf^Xv/^Tr{-I?„^M"P/M^ + ^(F+"^ + 2[M(<,,M^)])2}. (6.15) 
Expanding the squares we obtain the contributions: 

+ [M(„,M^)][M^",M^)]}, 

(6.16) 
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where we discover a non-minimal coupling to the curvature scalar R of X. In the derivation 
of ( |6.16|) we have used the Weitzenbock formula, 



(6.17) 



being R the scalar curvature and T", a = 1, . . . ,dim(G), the generators of the gauge group 
in the appropriate representation. 

The corresponding BRST symmetry is readily obtained from (|6.8|) : 



\Q 1 ^a«] '^'^aai 

[Q, M„] = -y2/i„, 

{Q-, Xafi] = Ha/3, 
{Q, I'a] = ha, 

[Q,X\ = V27], 



{Q,i^aa} = V2Vaa(p, 

[Q,4>] = o, 

{Q,/i„} = -2«[M,,0], 

[Q,Haf3] = 2V2t[Xaf3,<Pl 

[Q,ha] = 2V2«K,0], 
{Q,v} = 2t[X,<p]. 



(6.18) 



The covariantized gauge fermion (|6.10| ) takes now the form: 

^ = 1 /" d^Xy^Tr{ ]u''{ha + 2V2iVaaM'') - -y{ha + 2^2^ P^^M") 
^0 J X ^ 4 



+ -^Xap {H^^ + 2z(F+-^ + 2[M^", M^)]) ) } 

/ d^xTr{ -l=A(l),^^°" + zV2[M",/i„]-zv^[/i-,Mj)} 
Cq Jx 2v2 



(6.19) 



The resulting theory is equivalent to the theory of non-Abelian monopoles discussed in 
|I| [0 1^ 1^ |7^, but with the monopole multiplet in the adjoint representation of the 
gauge group. That theory in turn is a generalization of the Abelian monopole equations 
proposed in |p.lCI||. 



6.1.1 The massive theory 

Let us now deform the A/" = 4 theory by turning on equal bare masses for two of the chiral 
multiplets. The mass terms break preserve two supersymmetries and break the SU{4:)i 
symmetry group down to SU{2)j ® U{1)b- Of the four gauginos of the Af = 4 theory, 
two remain massles and transform as a doublet under SU{2)i and carry no U{1)b charge, 
while the other two get a mass and transform as a singlet under SU{2)i and are charged 
under U{1)b-i which is in fact the baryon number symmetry of the M = 2 theory. If we 
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now twist SU (2)/ with SU (2)^, say, the resulting theory is a non-Abehan monopole theory 
with massive monopoles in the adjoint representation of the gauge group. This theory has 
a well-defined scalar supersymmetry and is therefore topological for any value of the mass 
on any spin four-manifold. This was shown for the M = 2 supersymmetric theory with 
one hypermultiplet in the fundamental representation in [|l], and it is straightforward 
to extend this result to the present situation. In fact, it was shown in |^5|] (again for 
the A/" = 2, Nf = 1 theory), that the twisted theory is the equivariant extension of the 
massless theory with respect to the U{1)b symmetry. Notice that from the viewpoint of 
the twisting, the U{1)b is the Cartan subgroup of SU(2)f- 



6.2 The Mathai-Quillen approach 

As we saw before, the model arising from the second twist is equivalent to the theory 
of non-Abelian monopoles with the monopole fields in the adjoint representation of the 
gauge group. The relevant basic equations for this model involve the self-dual part of the 
gauge connection and a certain complex spinor field M taking values in the adjoint 
representation of some compact finite dimensional Lie group G: 

f^i + [M(.,M,)] = 0, 
\p„<iM" = 0, 

where M is the complex conjugate of M. 



6.2.1 The topological framework 

The geometrical setting is a certain oriented, closed Riemannian four- manifold X, that 
we will also assume to be spin. We will denote the positive and negative chirality spin 
bundles by and S~ respectively. The field space M. = ^{X, ®a.dP), where A 
is the space of connections on a principal G-bundle P ^ X, and the second factor denotes 
the space of sections of the product bundle ® adP, that is, positive chirality spinors 
taking values in the Lie algebra of the gauge group. The group Q of gauge transformations 
of the bundle P has an action on the field space which is given locally by: 



g\A)=i{dg)g-^ + gAg-\ 

g*{M)=gMg-\ (6.21) 

where M G r(X, S""*" ® adP) and A is the gauge connection. In terms of the covariant 
derivative = d + i[A, ], the infinitesimal form of the transformations ( |6.21|) , with 
g = exp{—i(j)) and G Q^{X, adP), takes the form: 

6g{(l))A = dA(l), 

Sg{(f))M = t[M,(f)]. (6.22) 
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The tangent space to the field space at the point {A, M) is the vector space T(^a,m)-^ ~ 
fi^(X, adP) © r(X, ® adP). On T(^a,m)-^ '^^^ define a gauge-invariant Riemannian 
metric given by: 

((V',/i),(^,^))= / TT{^A*e) + l [ Tr(/i°^, + cu>,), (6.23) 



Jx 2 jx 

where i;,een\X, adP) and fi,uj E T{X, S+ adP). 

The basic equations ( |6.2CI| ) are introduced in this framework as sections of the trivial 
vector bundle V = M x J^, where the fibre is in this case = f2^'"'"(X, adP) © r(X, 5*" 
adP). Taking into account the form of the basic equations, the section reads, up to some 
harmless normalization factors that we introduce for reasons that will become apparent 
soon: 

s{A,M) = (-2(P+3 + [M(„,M^)]), V2V^^M^). (6.24) 



The section ( |6.24 ) can be alternatively seen as a gauge ad-equivariant map from the 



principal ^-bundle Ai ^ Ai/Q to the vector space JF, and in this way it descends naturally 
to a section s of the associated vector bundle AixgJ^, whose zero locus gives precisely the 
moduli space of the topological theory. It would be desirable to compute the dimension 
of this moduli space. The relevant deformation complex (which allows one to compute, 
in a general situation, the virtual dimension of the moduli space) is the following: 



— > fi°(X, adP)^n\X, adP) © T{X, © adP) 
(X, adP) © r (X, © adP) . 



(6.25) 



The map C : Q^{X, adP) — > TAi is given by: 

C(0) = {dA(j),t[M,(j)]), (f) e ^]°(X,adP), (6.26) 
while the map ds : T(^A,M)Ai — > T is provided by the linearization of the basic equations 

dog): 

ds{i), [i) = {-Aa^;V^i,, - 2[/i(„, Mp)] - 2[M(„ /i^)], 

(6.27) 



Under suitable conditions, the index of the complex (|6.25|) computes de dimension of 



Ker((is)/Im(C). To calculate the index, the complex ( |6.25D can be split up into the ASD- 
instanton deformation complex: 

(1) VP{X, adP)^n\X, adPf-^n^'+{X, adP) — * 0, (6.28) 
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whose index is pi(adP) + dim(G')(x + cr)/2, being pi(adP) the first Pontryagin class of 
the adjoint bundle adP, and the complex associated to the twisted Dirac operator 



(2) D : r(X, S+ adP) — > T{X, S' ® adP), (6.29) 

whose index ispi(adP)/2 — dim(G)cT/8. Thus, the index of the total complex (which gives 
minus the virtual dimension of the moduli space) is: 



-dim(A^) = ind(l) - 2 X ind(2) = dim(G)^^^^^ (6.30) 

where x is the Euler characteristic of the 4-manifold X and a is its signature. The factor 
of two appears in ( |6.30| ) since we want to compute the real dimension of the moduli space. 



6.2.2 The topological action 

We now proceed as in the previous case. To build a topological theory out of the moduli 
problem defined by the equations ( |6.2UD we need the following multiplet of fields. For 
the field space A4 = A x T{X,S~^ ® adP) we introduce commuting fields {A,M), both 
with ghost number 0, and their corresponding superpartners, the anticommuting fields ip 
and /i, both with ghost number 1. For the fibre J" = n^'-^{X,adP) © r(X, (g) adP) 
we introduce anticommuting fields ^-^id u respectively, both with ghost number — 1, 
and their superpartners, a commuting self-dual two-form and a commuting negative 
chirality spinor h, both with ghost number and which appear as auxiliary fields in 
the associated field theory. And finally, associated to the gauge symmetry, we have 
a commuting scalar field G Q^{X,adP) with ghost number +2, and a multiplet of 
scalar fields A (commuting and with ghost number —2) and rj (anticommuting and with 
ghost number —1), both also in Q^{X,adP) and which enforce the horizontal projection 
Ai ^ M./Q. The BRST symmetry of the model is given by: 



[Q, Ma] = fla, 

[QA]=o, 



{Q,r/} = z[A,0]. 



(6.31) 



This BRST algebra closes up to a gauge transformation generated by 0. 

We have to give now the expressions for the different pieces of the gauge fermion. For 
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the localization gauge fermion we have: 

^ loc = s{A, M)) - z/), /^)) = 

and for the projection gauge fermion, which enforces the horizontal projection, 



(6.32) 



(6.33) 



As in the previous case, it is necessary to add an extra piece to the gauge fermion to 
make full contact with the corresponding twisted supersymmetric theory. In this case, 
this extra term is: 

^extra = ' v^Tr { '-X[v, 0] }. (6.34) 
It is now straightforward to see that, after making the following redefinitions. 



A' = 


A, 


M' 


= M, 




H\ 




2^' 


m' 


2 ' 


v' = 


-2u 






1 
















v' = 




A' = 


-2V2A, 




1 


h' = 


2h, 


v' = 


-2r/, 




= x\ 


h' = 





(6.35) 

one recovers, in terms of the primed fields, the twisted model summarized in ( H.14 ) and 

dm). 
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6.3 The observables for G = SU{2) 

Let us now focus on the twisted theory for gauge group SU{2). As discussed above, the 
twisted Af = 4 action breaks up into a Q-exact piece plus a topological term proportional 
to the instanton number of the gauge configuration, 

5t„i,tcd = {Q, ^} - 2'jTikTo, (6.36) 

with k = —^^/4: mod 2 the instanton number of the gauge configuration with 't Hooft 
flux C, G Z2) (in this chapter we change our notation to make contact with the 

results in thus, ^ will denote an 5*0(3) 't Hooft flux). This is an integer for SU{2) 
bundles (which have ^ = 0), but a half- integer for non-trivial 5*0(3) bundles on spin 
four-manifolds. Therefore, as pointed out in [ p.00|| , one would expect the SU{2) theory 
to be invariant under tq + 1, while the 5*0(3) theory should be only invariant 

under tq — * tq + 2 on spin manifolds. Notice that, owing to (|6.36|) , the partition function 
depends on the microscopic couplings Cq and ^0 only through the combination 2TTikTQ, 
and in particular this dependence is a priori holomorphic (as usual, if we reversed the 
orientation of the manifold X, the partition function would depend anti-holomorphically 
on To). 

In the twisting procedure, one couples the twisted action ( |6.36|) to arbitrary gravita- 



tional backgrounds, so as to deal with its formulation for a wide variety of manifolds. In 
general, the procedure involves the covariantization of the fiat-space action, as well as the 
addition of curvature terms to render the new action as a Q-exact piece plus a topological 
term as in ( |6.36| ). Actually, on curved space one might think of additional topological 
terms - such as j R A R or j R A *R, with R the curvature two-form of the manifold 
- besides the one already present in ( |6.36|) . Thus, the action which comes out of the 



twisting procedure is not unique (even modulo Q-exact terms), since it is always possible 
to add c-number terms, which vanish on flat space but are nevertheless topological. In 
a topological field theory in four dimensions, those terms are proportional to the Euler 
number x and the signature cr of the manifold X. In order to keep the holomorphicity 
in To, the proportionality constants must be functions of tq. At this stage one does not 
know which particular functions to take, but clearly good transformation properties under 
duality could be spoiled if one does not make the right choice. It seems therefore that 
there exists a preferred choice of those terms, which is compatible with duality. This issue 
was treated in detail in |]100|| , where it was shown that a c-number of the form —itttqx/Q 



was needed in the topological action in order to have a theory with good transformation 
properties under duality. In the case at hand, this c-number has the form — ■j7rro(x + c")/2 
if 2x -|- 3(j = mod 32, and z7rro(2x + 3cr)/8 otherwise. This will be shown in subsection 
6.4.41 below. 



Topological invariants are obtained by considering the vacuum expectation value of 
arbitrary products of observables, which are operators that are Q-invariant but not Q- 



exact. As discussed in the relevant observables for this theory and gauge group 
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SU{2) or 50(3), are precisely the same as in the Donaldson- Witten theory ||104|| : 



1^2 = ^Tr(20F + V^AV^), W3 = -^TTi^AF). 



(6.37) 



The operators Wi have positive ghost numbers given by 4 — and satisfy the descent 
equations 



which imply that 



[Q,Wi} = dW^.i, (6.38) 



C)(t^) = / Wj, (6.39) 



7j being homology cycles of X, are observables. 

The vacuum expectation value of an arbitrary product of observables has the general 
form (modulo a term which involves the exponential of a linear combination of x and a), 

7j / k \ ■yj I ^ 

where k is the instanton number and (H-y 0^^^'^)k is the vacuum expectation value com- 
puted at a fixed value of k. These quantities are independent of the coupling constant cq. 
When analysed in the weak coupling limit, the contributions to the functional integral 
come from field configurations which are solutions to eqs. ( |6.2(j| ). All the dependence of 
the observables on tq is contained in the phases exp(— 27ri/cro) in ( |6.4CI| ). The question 
therefore arises as to whether the vacuum expectation values of these observables have 
good modular properties under 5'L(2, 2) transformations acting on tq. Below it will be 
shown that this is indeed the case, at least for spin four-manifolds of simple type (al- 
though one could easily extend the arguments presented here to all simply-connected spin 
manifolds with 6^ > 1). 

The ghost-number anomaly of the theory restricts the possible non-trivial topologi- 
cal invariants to be those for which the overall ghost number of the operator insertions 
matches the anomaly —(3/4) (2% + 3a). Notice that since any arbitrary product of ob- 
servables has necessarily positive ghost number, there will be no non-trivial topological 
invariant for those manifolds for which 2% + 3cr is strictly positive. On the other hand, if 
2x + -ia< 0, there is only a finite number - if any - of non-trivial topological invariants. 
Finally, when 2x + 3a = 0, as is the case for K3, for example, the only non-trivial topo- 
logical invariant is the partition function. Moreover, as the physical and twisted theories 
are actually the same on hyper-Kahler manifolds as K3, this partition function should 
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coincide with the one computed by Vafa and Witten for another twist of the A/" = 4 
supersymmetric theory in ||100|| . Below we will show that this is indeed the case. Notice 



that this assertion does not apply to the twist first considered by Marcus, as it actually 
involves two independent twists, one on each of the SU{2) factors of the holonomy group 
of the manifold p6|[ 114 |. The selection rule on the topological invariants that we have 



just discussed does not apply of course to the massive theory, as the mass terms explicitly 
break the ghost number symmetry. However, when the mass is turned on the partition 
function remaims invariant (one would expect on general grounds a dependence of the 
form Z ~ m^, where s is some number, but since the partition function is dimensionless, 
and there is no other dimensionful parameter in the theory, the only possibility is s = 0), 
but the observables do get an explicit dependence on m which can be fixed on dimensional 
grounds. Indeed, the operators Wq and W2 in (|6.37|) , which will be the only ones that 
we will consider, have mass dimensions 2 and 1 respectively (notice that these coincide 
with half the ghost number of each operator), so for a vev 

((9(1) . . . cXO) involving these 

operators we expect a mass dependence of the form 

(C)(1) . . . C)(0) oc m^-i 



6.4 Integrating over the u-p\ane 

The functional-integral (or microscopic) approach to twisted supersymmetric quantum 
field theories gives great insight into their geometric structure, but it is not useful to 
make explicit calculations. Once the relevant set of field configurations (moduli space) 
on which the functional-integral is supported has been identified, the computation of the 
partition function or, more generally, of the topological correlation functions, is reduced 
to a finite-dimensional integration over the quantum fluctuations (zero modes) tangent 
to the moduli space. For this to produce sensible topological information, it is necessary 
to give a suitable prescription for the integration, and a convenient compactiflcation of 
the moduli space is usually needed as well. This requires an extra input of information 
which, in most of the cases is at the heart of the subtle topological information expected 
to capture with the invariants themselves. 

The strategy to circumvent these problems and extract concrete predictions rests in 
taking advantage of the crucial fact that, by construction, the generating functional for 
topological correlation functions in a topological quantum fleld theory is independent 
of the metric on the manifold, at least for 6^ > 1. This implies that, in principle, 
these correlation functions can be computed in either the ultraviolet (short-distance) or 
infrared (long-distance) limits. The naive functional-integral approach focuses on the 
short-distance regime, while long-distance computations require a precise knowledge of 
the vacuum structure and low-energy dynamics of the physical theory. 

Following this line of reasoning, it was proposed by Witten in ||110|| that the explicit 



solution for the low-energy effective descriptions for a family of four-dimensional Af = 2 
supersymmetric fleld theories presented in could be used to perform an alternative 
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long-distance computation of the topological correlators which relies completely on the 
properties of the physical theory. This idea is at the heart of the successful reformulation 
of the Donaldson invariants, for a certain subset of four-manifolds, in terms of the by now 
well-known Seiberg-Witten invariants, which are essentially the partition functions of the 
twisted effective Abelian theories at the singular points on the moduli space of vacua 
of the physical, M = 2 supersymmetric theories. The same idea has been subsequently 
apphed to some other theories |Q 0] [^] |^ , thereby providing a whole set of pre- 
dictions which should be tested against explicit mathematical results. The moral of these 
computations is that the duality structure of extended supersymmetric theories automat- 
ically incorporates, in an as yet not fully understood way, a consistent compactification 
scheme for the moduli space of their twisted counterparts. 

The standard computation of this sort involves an integration over the moduli space 
of vacua (the w-plane) of the physical theory. The reason why one has to integrate over all 
the vacua of the physical theory rather than just consider the contribution from a given 
vacuum has to do with the compacteness of the spacetime manifold P^. Indeed, on a 



non-compact manifold the constant values 0o of the scalar fields which define the vacuum 
state of the theory are not normalizable, so one does not integrate over them in the 
path integral. But if we consider the same theory on a compact manifold, these constant 
modes become normalizable (that is, they are true zero modes) and one has to integrate 
over them in the path integral. Alternatively, on a compact manifold there is tunneling 
between different vacua, so there is really no point in considering the contribution from a 
single vacuum. We thus have to consider the theory for all vacua. At a generic vacuum, 
the only contribution comes from a twisted M = 2 Abelian vector multiplet. The effect 
of the massive modes is contained in appropriate measure factors, which also incorporate 
the coupling to gravity - these measure factors were derived in ||111|| by demanding that 
they reproduce the gravitational anomalies of the massive fields -, and in contact terms 
among the observables - the contact term for the two-observable for the SU{2) theory 
was derived in |Q and was subsequently extended to more general observables and other 
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gauge groups m 

The total contribution to the generating function thus consists of an integration over 
the moduli space with the singularities removed - which is non- vanishing for &^(X) = 1 
|]8^ only - plus a discrete sum over the contributions of the twisted effective theories 
at each of the singularities. The effective theory at a given singularity should contain, 
together with the appropriate dual photon multiplet, several charged hypermultiplets, 
which correspond to the states becoming massless at the singularity. The complete effec- 
tive action for these massless states contains as well certain measure factors and contact 
terms among the observables, which reproduce the effect of the massive states which have 
been integrated out. However, it is not possible to fix these a priori unknown functions by 
anomaly considerations only. As first proposed in - see [00] for more details 
and further extensions -, the alternative strategy takes advantage of the wall-crossing 
properties of the w-plane integral. It is a well-known fact that Donaldson theory fails to 
produce topological invariants on four- manifolds with 6^ = 1. The field theory explana- 
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tion of this failure is as follows. On manifolds X with 6^ = 1 the Donaldson invariants are 
given by the sum of the contributions from the singularities at m = ±A^ of the Af = 2 SYM 
theory plus the M-plane integral. Consider a one-parameter family of metrics gg = e^g, 
where g is a. reference metric on X, and let ug be the corresponding period point (which 
gives a basis for H'^'~^{X)) normalized as a;^ = 1. It was shown in [^| that at those points 
on the M-plane where the (imaginary part of the) effective coupling diverges, the integral 
has a discontinuous variation at those values of 6 where, for a fixed gauge configuration 
A G iJ^(X;2), the period Ug ■ A changes sign. This is commonly referred to as "wall 
crossing" (with A defining a wall on the Kahler cone.) This discontinuous variation of 
the integral as we change 6 is precisely the proper physical explanation of the lack of 
topological invariance of the correlation functions of the twisted theories on manifolds 
with 6j = 1. The points where wall crossing can take place are the singularities of the 
moduli space due to charged matter multiplets becoming massless - the appropriate local 
effective coupling r diverges there - and, in the case of the asymptotically free theories, 
the point at infinity, m — > oo, where also the effective electric coupling diverges owing to 
asymptotic freedom. 

On the other hand, the final expression for the invariants can exhibit a wall-crossing 
behaviour at most at m — oo, so the contribution to wall crossing from the integral at 
the singularities at finite values of u must cancel against the contributions coming from 
the effective theories there, which also display wall-crossing discontinuities. As shown in 
[P^], this cancellation fixes almost completely the unknown functions in the contributions 
to the topological correlation functions from the singularities. 



6.4.1 The integral for J\f = 4 supersymmetry 

The complete expression for the w-plane integral for the gauge group SU (2) and Nj < 4 
was worked out in p4|. The appropriate general formulas for the contact terms can be 
found in |TD[||7^[^. These formulas follow the conventions in [^, according to which, 
for Nf = 0, the w-plane is the modular curve of r°(4). In this formalism, the monodromy 
associated to a single matter multiplet becoming massless is conjugated to T. As for 
the J\f = A supersymmetric theory, it is more convenient to use instead a formalism 
related to r(2), in which the basic monodromies are conjugated to T^. Our formulas 



follow straightforwardly from those in [|75[||8J], with some minor changes to conform to 
our conventions. 

The integral in the Af = 4 supersymmetric case, for gauge groups SU(2) or 5*0(3) 
and on simply-connected four-manifolds, and for 't Hooft flux S,-, is given by the formula: 



Zu{p, S,m,To) 



u- plane 



dzdz 



« jc y 



1/2 



(6.42) 
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where y = Imr. The expression ( |6.42|) gives the generating function for the vacuum 
expectation values of two of the observables in ( |6.39D : 



O 

I{S) 



87r2 



Tr(02), 

-Tt{2^F + 1^ Alp). 



(6.43) 



Here, 5* is a two-cycle on X given by the formal sum S = J2a^aSa, where {Sa}, a = 
1, . . . , b2{X) are two-cycles representing a basis of H2{X), and S"^ = J2a b (^aOib^{,Sa H Sb), 
where ^{Sa^S^) is the intersection number of Sa and S}y. Notice that since we are restricting 
ourselves to simply-connected four-manifolds, there is no non-trivial contribution from the 
one- and three-observables Wi and in (|6.39| ). The generalization to the non-simply- 



connected case was outlined in , and it has been recently put on a more rigorous basis 
in 
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The measure factor /^(t) is given by the expression: 

Mr) = /(m,x,a,ro)j^f^y^''A-^ 



(6.44) 



where A is the square root of the discriminant of the Seiberg-Witten curve ( p.lOj ): 



A 



r7(ro) {z - Zi){z - Z2){z - z^) 



l^daldzf 



2^{daD/dzf 2^{d{aD - a) jdzf 



(6.45) 



where ?7(r) is the Dedekind function and /(m, x, cr, tq) is a universal normalization factor 
which cannot be fixed a priori. It can be fixed in the A'^^ = case by comparing with 
known results for the Donaldson invariants [Q], but a first-principles derivation from the 



microscopic theory in the general case is still lacking - see however 1 79] [111], where some 
steps in this direction have already been taken. 

In eq. (|H) T{z) is the monodromy-invariant combination: 



T{z) = T{z) + 



(dz/da)'^ 
47rlmr 



where the contact term T{z) is given by the general formula ][75|] ]|76 

4 d^J' 



T(z) 



7ri Otq 



(6.46) 



(6.47) 



Here is the prepotential governing the low-energy dynamics of the theory. For the 
asymptotically free theories, Tq is defined in terms of the dynamically generated scale 
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of the theory by f?!]: (Aat^)^"^/ = e^'^^o, while for the finite theories Nf = 4 and A/" = 4 
it corresponds to the microscopic couphng. For the A/" = 4 theory one gets from ( |6.47|) 
[[75|] - see also for further details and extensions: 



Tiz) 



1 ^ , , f dz 
-12^= 



2 2 

+ ^2(ro)- + — ^4(ro), 



(6.48) 



where E2 and i?4 are the Eisenstein functions of weight 2 and 4, respectively - see the 
appendix to this chapter for further details. 

Under a monodromy transformation acting on r (holding tq fixed), r {ar + 
b)/{cT + d), the contact term ( |6.47| ) transforms into itself plus a shift: T{z) 7'(2;) + 
■^-^^;^{dz / da)"^ . Under a microscopic duality transformation tq — (aro + 6)/(cro + (i), 
the situation is slightly more involved. As these duality transformations interchange the 
singularities, they induce a non-trivial monodromy transformation r — > (ar + 6)/ (cr + (i) 
on the effective low-energy theory [^. Under these combined duality transformations 

(cTo + dfz, {dz/da) ^^^±^{dz/da), so that [§0 : 



one has, for example, z 



T{z) ^ (cro + df T{z) + 



2vr cr (i 



(dz/da) 



TC 



-(cro -|- (i)^c2; 



(6.49) 



The factor \1' in (|6.42| ) is essentially the photon partition function, but it contains, apart 
from the sum over the Abelian line bundles of the effective low-energy theory, certain 
additional terms which carry information about the 2-observable insertions. In the electric 
frame it takes the form: 



exp 



1 (dz\ 



Any \da J 



Aer 



exp 



X-UJ + 



i dz 



S ■ ijj 



Arry da 
-2i7rr(A+)^ - 2inT{\^f 



2.^5 . A_ 
da 



(6.50) 



where the lattice F is H'^{X, 2) shifted by a half- integral class = ^W2{E) representing 
a 't Hooft flux for the 5*0(3) theory, that is, A G if^(X, Z) + ^W2{E). As explained in 
detail in [ ]1 1 1|| , this shift takes into account the fact that in the 5*0(3) theory, while the 
rank-3 50(3) bundle E (which at a generic vacuum is broken down to ii^ = (L©L~^)®^ = 
L'^ (B O (B L~^, O being a trivial bundle) is always globally defined - and therefore is 
represented by an integral class ci(L^) = 2A G 2H'^{X, Z) +W2{E) -, it is not necessarily 
true that the corresponding SU{2) bundle F (which we can somewhat loosely represent 
at low energies hj F = L (B L~^) exists, the obstruction being precisely W2{E): the line 
bundle L is represented by a class Ci(L) = A G H^{X, 2) + ^W2{E), which is not integral 
unless W2{E) = (mod 2). If W2{E) = mod 2, the 50(3) bundle can be lifted to an 
SU{2) bundle and one has F ® F = E (B where now F is a globally defined rank-2 
SU{2) bundle. 
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For a given metric in X, uj in (|6.50|) is the unique - up to sign - self-dual two-form 



satisfying - see for example [|75l|Q: uj ■ uj = 1 (recall that, as explained in jS^, the 
integral vanishes unless 6^ = 1 due to fermion zero modes and topological invariance). 
Here ■ denotes the intersection pairing onX,ti;-A = j^uj /\\ . Thanks to its properties, 
UJ acts as a projector onto the self-dual and antiself-dual subspaces of the two-dimensional 
cohomology of X: A+ = (A ■ oj)oj, A_ = A — A+. 

From the above formulas it can be readily checked, along the lines explained in detail 
ZH [in 1 ^^^^ integral ( |6.42|) is well defined and, in particular, is invariant under 



m 



the monodromy group of the low-energy theory (for example, this can be seen almost 
immediately for the semiclassical monodromy, which at large 2; ~ m takes z e^^^z and 

CL — > — (2, (l£) — > — (J'Di 

while leaving r ~ tq unchanged. 
6.4.2 Wall crossing at the singular points 

At each of the three singularities, the corresponding local effective coupling diverges: 
Uj = Im Tj ^ +00, qj ^ 0. The first step to analyse the behaviour of the integral around 
the singular points is to make a duality transformation (in r) to rewrite the integrand 
in terms of the appropriate variables: r —^/t near the monopole point, etc. Due 
to the divergence of Imrj, one finds a discontinuity in Z„ when A ■ oj changes sign. We 
begin by considering the behaviour near the semiclassical singularity at zi. As the BPS 
state responsible for the singularity is electrically charged, it is not necessary to perform a 
duality transformation in this case: the theory is weakly coupled in terms of the original 
effective coupling r. Let us consider the integral ( |6.42 ). Fix A and define i{q) as follows: 



dr \dz J ^ 
Pick the n*'^ term in the above expansion. The piece of the integral relevant to wall 



crossing is ||84| : 



dy 

ymin ^ 



rfxc(n)e2™'^-2"J^"e-2™(^++^-)e-2"J'(^+-^-)A+. (6.52) 



The integration over x = Rer imposes n = A^; the remaining y integral can be easily 
evaluated with the result: 

f^c,A,e-U.^^£(p (e.53) 

(we have set y^i^ = 0, as the discontinuity comes from the y ^ oc part of the integral). 
The result of the integral (|6.53|) is discontinuous as A+ = ■ A — 0: 

^«L^^o+ - ^«Ia+^o- = = [^~''^(^)],o = Res,=o[q^^'''£iq)]. (6.54) 
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Therefore, the wall-crossing discontinuity of Zu at Zi is: 



ReSq=o/(m,x,cr,ro 



I dz ( da\ 



_X2 I uu\ ^cT/8^2pz+S^T{z)-2i{dz/da)S-X 



dr \dz J 



dq^_^2dz^ /da\ '^^ ^cj/?,^2pz+s^T{z)-2i{dz/da)s-> 
q dr \dz J 



(6.55) 



We have now to evaluate the wall-crossing discontinuities at the other two singularities. 
At the monopole point {z = Z2), we have to perform a duality transformation to express 
the integral in terms of td = — 1/t, which is the appropriate variable there. This duality 
transformation involves a Poisson resummation in ( |6.50| ), which exchanges the electric 
class A e if^(X, 2) + ^W2{E) with the magnetic class A* G iy^(X, and inverts the 
coupling constant r. The details are not terribly important, so we just give the final result 
for the integral: 



Zu = f{m,x,(T,To)2 

E/ X* ■ u I 
(— + 



A* 



Anyr) dan 



yo^/^ dTD V dz 



(6.56) 



where now 



Tniz) 



dz 



2 2 

Z TTX 



[dz/daoY 
47rlm 



(6.57) 



The functions A and z are exactly the same as before, but expressed in terms of r/?. The 
crucial point here is that the modular weight of the lattice sum cancels against that of 
the measure. 

From ( |6.56|) we can easily derive the wall-crossing discontinuity at Z2 along the lines 
explained above - see eqs. (|6.51|) - (|6.55|) . The final result differs from (|6.55|) in several 
extra numerical factors: 



Res 



1 2=22 



<?D=0 



= /(m,x,a,ro)2-^^/2(-l)^*-« 

dqD^~{x*f/idz_ / daD\ ^^/g^ 
qo ^ dTD \ dz J 



2pz+S'^TD-i-^S-X'' 



(6.58) 



"'^Notice that, as the manifold X is spin, the magnetic class is an integral class, not a Spine structure 
as in llTo|| . 
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The corresponding expression at the dyon point ^3, is exactly the same as (|6.58| ) (with 
qd instead of qc) but with an extra relative phase [^||109|| |110 
doing the duality transformation r ^ Td = —1 / {r — 1) in the lattice sum ( |6.50| ). 



which follows from 



6.4.3 Contributions from the singularities 

At each of the singularities, the complete effective theory contains a dual Abelian vector 
multiplet0 (weakly) coupled to a massless charged hypermultiplet representing the BPS 
configuration responsible for the singularity. This effective theory can be twisted in the 
standard way, and the resulting topological theory is the celebrated Witten's Abelian 
monopole theory. Its moduli space is defined by the Abelianized version of eqs. ( [6.201 ). 



On spin four-manifolds, and for a given gauge configuration A G if^(X, 2), the virtual 
dimension of the moduli space can be seen to be 

din,, = -P^ + (A)=. (6.59) 

A class A for which dim^^ = is called a basic class. If we define x = —2 A, we see from 



(|6.59| ) that for a basic class x ■ x = 2x + 3cr. As dim^,. = 0, the moduli space consists 
(generically) of a (finite) collection of isolated points. The partition function of the theory 
evaluated at each basic class gives the Seiberg-Witten invariant n^. The complete partition 
function will therefore be a (finite) sum over the different basic classes: .^singularity ~ '^x^^- 
If, on the other hand, the dimension of the moduli space of Abelian monopoles is strictly 
positive, one has to insert observables to obtain a non-trivial result. This leads to the 
definition of the generalized Seiberg-Witten invariants |Q|9^: if dim^^ = 2n (otherwise 
the invariant is automatically set to zero), 

^W„(A) = ((0)")_, (6.60) 

where (p is the (twisted) scalar field in the Abelian J\f = 2 vector multiplet. For a four- 
manifold X with 6^ > 1, the w-plane integral vanishes and the only contributions to 
the topological correlation functions come from the effective theories at the singularities. 
Those manifolds with 6^ > 1 for which the only non-trivial contributions come from the 
zero-dimensional Abelian monopole moduli spaces are called of simple type. No four- 
manifold with 6^ > 1 is known which is not of simple type. We will restrict ourselves 
to manifolds of simple type. The generalization to positive-dimensional monopole moduli 



spaces should be straightforward from the explicit formulas in and our own results. 

The general form of the contribution to the generating function (e^'^"'"^*^'^^)^ from the 
twisted Abelian monopole theory at a given singularity was presented in [Q]. It contains 



^This is so for the monopole and dyon singularities; at the semiclassical singularity, the distinguished 
vector multiplet is the original electric one. 
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certain effective gravitational couplings as well as contact terms among the observables. 
We just adapt here eq. (7.12) of [||]: 



,pO+i(s)\ ^ W„(A)Res„,=o<I ^(-1)'^-^ 



(6.61) 



In ( |6.61| ), ttj is the distinguished (dual) coordinate at the singularity: a—a{zi) ~ a—m/ \f2 



at the semiclassical singularity, a/j — aD{z2) at the monopole point, and (a — a^) — (a — 
cI'd){z3) at the dyon point. Cj, Pj, Lj are a priori unknown functions, which can be 
determined by wall crossing as follows [Q. For 6^ = 1 and fixed Xj, (|6.61| ) exhibits a 
wall-crossing behaviour when u ■ Xj changes sign. At such points, the only discontinuity 
comes from SWn{X), which jumps by ±1. Therefore, the discontinuity in ( |6.61| ) is: 

^{^^''''%... = fe-(-l)^-^ 



'c,{zr'^p,izr/'L,{zy-/'\. 



(6.62) 



(We have set x + <^ = 4, which is equivalent to = 1 for bo{X) = l,bi{X) = 0.) The 
crucial point now is that the complete expression for the generating function cannot have 
wall-crossing discontinuities at finite values of z. This is not difficult to understand if 
one realizes that nothing physically (or mathematically) special occurs at the singular 
points: when expressed in terms of the appropriate variables, and once all the relevant 
degrees of freedom are taken into account, the low-energy effective description is perfectly 
smooth there. The conclusion is therefore that the discontinuity in the w-plane integral 
has to cancel against the discontinuity in the contribution from the effective theory at 
the singularity. As shown in |Q, this suffices to fix the unknown functions Cj, Pj, Lj in 



At a generic vacuum, the SU{2) - or, more generally, the 50(3) - rank-3 bundle E 
is broken down to E = L"^ ^ O ® L^^ by the Higgs mechanism, where O is the trivial 
line bundle (where the neutral A/" = 4 multiplet lives), while L^^ are globally defined line 
bundles where the charged massive A/" = 4 multiplets live. With our conventions, 
Ci(L2) = 2ci(L) = 2A G 2if2(X, Z) + W2{E), which is indeed an integral class. The 
"monopole" becoming massless at the semiclassical singularity is just one of the original 
electrically charged (massive) quarks, which sits in an A/" = 4 Abelian multiplet together 
with the M = 2 vector multiplet of one of the massive W bosons. The corresponding 
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basic classes are therefore of the form: 

X = -2Ai = -2ci(L^) = -4A e AH^{X, Z) + 2w2{E), 



(6.63) 



which are even classes since the manifold X is spinQ Notice that, because of ( |6.63| ), not 
all the basic classes of X will contribute to the computation at Zi. Rather, only those 
basic classes x satisfying 



X 



-+W2{E) = (mod 2) ^ 



(6.64) 



with [|] the mod 2 reduction of |, can give a non-zero contribution. 
Taking this into account, we can rewrite ( |6.62| ) at zi as follows: 



dz dr 



/4 



(notice that the phase (—1)'^'^ does not appear here), where we have used 

ReSa=o [daF{a)] = 2ReSq=o [dq{da/dq)F{a)] , 



(6.65) 



(6.66) 



and we have taken into account that, near z = zi, ai = a — a{zi) = a^q^/'^ + ■ ■ ■ . By 
comparing (|6.65|) with the wall-crossing formula for the integral at Zi, ( |6.55|) , we can 
determine the unknown functions in (|6.61|). We find, for example. 



Ti=T, 



n4 '^1 





-{ 




A 


Pi 




ai 



f dz\ 



(6.67) 



Putting everything together, the final form for the contribution to the generating 
function at zi is given by the following formula: 



,pO+I{S) 



)a,2i, 



Res 



5=0 



^^(A) 2Tcif{m,x,(T,To) 
y2 dz ( da \ ^^"^^ x±2L 



dq \^dz 



^^^^-l^a/8^2pz+S^T{z)~2i{dz/da)S-X 



(6.68) 



•^If the manifold is not spin, the basic classes are shifted from being even classes by the second Stiefel- 
Whitney class of the manifold, W2{X) |11C|. 
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We can now specialize to the simple-type case, for which 4A^ = (2% + 3a)/ 4. We use the 
following series expansions around Zi. 

1 

z = zi + Kiq2 + ■ ■ ■ , 

ai = {da/dz)i{z — zi) + ■ ■ ■ = {da/dz)iK,iq^ + ■ ■ ■ , 
da/dz = {da/dz)i + ■ ■ ■ , 



2^{da/dzY \ I J ^ 



The final formula is the following: 



(6.69) 



(6.70) 



where v = {x + cr)/A. The delta function 6^^-^ ^ in ( |6.70| ) enforces the constraint ( |6.64| ), 
and T{zi) is given by: 

Tiz,) = -^{dz/da),^ + E2(ro)| + ^^4(ro). (6.71) 

The corresponding expressions at the monopole and dyon singularities can be determined 
along the same lines. One has to take into account the relative factors in each case, and 
the fact that, at these singularities, the basic classes are given by a; = — 2A = — 2A*, where 
A* is the appropriate dual class. One finds in this way, for the monopole singularity at 
Z2i the following expression: 

(e-^^^^")>,,^, = 2-¥-^../(m,x,a,ro) 

/ J„ \ -{^^+'7/4) 

dz j 2 

(6.72) 



while for the dyon singularity at z^ one finds: 



^°^^^"^>.,3, = 2-f-lvrz/(m,x,^,ro) 
-s.'^t 



( u \ \ —(u+a/4) 

a{aD -a) -j ^2pz3+S^Tiz-i)^_^^^-^ ^^^^i{dz/dian-a)hS-x 



3 

(6.73) 
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where T{z2) and T^z^) are given by expressions analogous to (|6.71|) : 

T{Z2) 



-^{dz/daD)2^ + E2iTo)j + ^^4(ro), 



-j-{dz/d{aD - a))3^ + ^2(^0)^ + ^E^iro). 
Iz 0(2 



(6.74) 



In ( |6.72[ ) there is an extra phase (—1)°"/^ that we have supressed. The reason for this 



is that, as stated in a theorem by Rohhn p9|, on smooth, compact, spin four-manifolds, 
a G 162. This is in contrast with the weaker arithmetic result a G 82 which follows from 
the evenness of the intersection form. We will restrict ourselves to such four-manifolds 
and hence supress this phase in what follows. 



6.4.4 The formula for the generating function 

The complete formula for the generating function of the theory on simply-connected spin 
four-manifolds of simple type is given by the combination of ( p.70| ), ( |6.72| ) and ( |6.73| ), 
summed over the basic classes (we do not sum over 't Hooft fluxes, though). The contri- 
bution from the w-plane integral is absent, since it vanishes for manifolds with 6^ > 1. 
As for the as yet unknown function /(m, x, cr, tq), it is not possible to determine it com- 
pletely in the context of the u-plane approach. However, we will propose an ansatz for 
this function, which is motivated by a series of natural conditions that it has to satisfy. 
As we will show, with our ansatz the partition function is dimensionless and displays two 
properties of the partition function of the twisted J\f = 4 supersymmetric theory consid- 



ered by Vafa and Witten ||100|| : it is a modular form of weight — x/2 and contains the 



Donaldson invariants in the form shown in In addition, its final expression reduces 
to the Vafa- Witten partition function on K3. 

Our ansatz for /(m, x, a, tq), which turns out to satisfy the properties stated above, 

is: 

/(m, X, ^, ro) = -- 2(3^+^'^)/^ m-(3'^+^'^)/«r7(ro)-i2._ ^g^^g) 



TT 



In a different choice for / was made 

/(m, X, cr. To) = -- 2(3^+^'^)/^ m'^/\(ro)-^2^ (6.76) 



the only difference being that the generating function therein contained an overall factor 
j^3(2x+3cr)/8_ insist that the generating function be adimensional - see |7^ - the 

correct choice is of course (|6.75|) . 



Taking (|6.70|) , ( |6.72| ) and ( |6.73|) , the formula that one obtains for the generating 



function of all the topological correlation functions for simply-connected spin manifolds 
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is the following: 



,pO+I{S) 



.62 



.^2 . c2 , 



d{a£) — a) 
dz 



{dz / daj-^x-S 



^^{dz/d{ao — a));iX-S 



(6.77) 



where the sum is over all the Seiberg-Witten basic classes. This formula can be written 
in terms of modular forms by substituting the explicit expressions (|3.18| ) for and ( p.l9|) 



for the periods. Notice that there is no need to resolve the square roots in (|3.19|) . Indeed, 
the periods in ( |6.77| ) are raised to the power — (z/ + cr/4). Since the manifold X is spin, 
(7 = mod 16, so cr/4 is even. As for z/ = + cr)/4, it is only guaranteed^ that z/ G 2. 
Nevertheless, as explained in sect. 11.5 of [Q, one can take advantage of the following 
property of the Seiberg-Witten invariants - see |p.l0|| for a quick proof: 



(6.78) 



Upon summing over x and —x using ( |6.78| ), the factors Q2^dz/da)jx-s average to a cosine 



when u is even, and to a sine when u is odd. Therefore, no odd powers of {dz/da)j appear 
in ( |6.77|) . Note that as x is an even class on spin manifolds, ^■x/2is always an integer, and 
therefore the phase (— l)^ t does not spoil the argument. Likewise, if x + 2^ = mod 4, 
it is also true that —x + 2^ = mod 4 {x is an even class), so if a given basic class x 
contributes to the first term in ( |6.77|) , so does —x. 

We will now work out a more explicit formula for the partition function (setting p = 
and 5 = in ( |6.77| )). Notice that, since the partition function does not care about 
whether the manifold is simply-connected or not, at least in the simple-type case (in any 
case, we are not computing correlation functions of observables) , we can easily extend 
our result to the non simply-connected case. As in ||100|| this extension involves the 
introduction of a factor 2~^^ in two of the three contributions. Notice also that, because 
of ( 16:781) 



the partition function is zero when u is odd, since + n. 



:i + (-ir)- 



Therefore, in the following formula for the partition function we assume that v is even. 
Upon substituting eqs. ( |3.18| ) and ( |3.19| ) in ( |6.77| ), and taking into account the identities 



^ For X - 
D : T{X, 5^ 



-2A = — 2ci(L) a basic class, v is the index of the corresponding Dirac operator 
I L) r(X, ® L), which is always an integer |11C]. 
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(|6.132| ), the partition function for a fixed 't Hooft flux ^ is given by: 

/ Q Q \ {2x+3(t)/2 

' X 

, / Q Q \ {2x+3cr)/2 

(6.79) 

The partition function for gauge groups SU{2) and 50(3) is easily obtained from this 
expression. One finds: 

Zsui2) = Z^=o/2^ 

I, ^ ' x=4y 

/o /,9 ,9 \ (2x+3<x)/2 

+ 2i(^x+iM(G(,,V2))^/2(!M3\ 

+ 2i(^x.n.)(^(_^^V2))^/2^!!|!i^ ^,1 

(6.80) 

The constraint x = 4y in the first term in ( |6.80| ) means that one has to consider only those 
basic classes x G 4if2(X, 2). Notice that this constraint implies that the corresponding 
contribution vanishes unless = 2% + So" = 8z/ + a = 16?/^ = mod 32. Notice that 
as u is even and a G 162, it is only guaranteed that 2% + 3(T = mod 16. When 
2x + 3(T = mod 32, the first singularity contributes to the SU{2) partition function, and 
the leading behaviour of the partition function is 

Zo~go-" + 0(go"'^+'). (6.81) 



As in ||100|| , the leading contribution could be interpreted as the contribution of the trivial 
connection, shifted from (go)" to qo~'^ by the c-number we referred to above. But notice 
that the next power in the series expansion is qo~'^~^^. The gap between the trivial connec- 
tion contribution and the first non-trivial instanton contribution which was noted in |p.00|| 
for the Vafa-Witten partition function is not present here: all instanton configurations 
contribute to Zsu{2)- 

On the other hand, when 2% + 3cr = 16(2j + 1), j G 2, the first singularity does 
not contribute to the partition function and the leading behaviour comes from the strong 
coupling singularities. Then Zq has an expansion: 

Zo~go'^ + O(go'^+^), (6.82) 
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again with no gap between the contribution of the trivial connection (shifted from (go)° 
by the c-number Qq ^le ) and higher-order instanton contributions. 

As for the SO (3) partition function, one has to sum ( |6.79| ) over all allowed bundles, 
which means summing over all allowed 't Hooft fluxes. One finds in this way: 

Zso(3) = X] ^5 



(2x+3a)/2 

^ ' x=Ay 

/ q a \ (2x+3(t)/2 

(6.83) 

To perform the summation over fluxes in ( |6.83D , one uses the following identities ||100|| : 

g X x=Ay 

5^r«^5^(-l)f-«n. = 2^^/^^n., 

(6.84) 

where in the last identity we have supressed again the phase (— 1)*^/*. 



6.5 Duality transformations of the generating func- 
tion 

In this section we will study the properties under duality transformations of the generating 
function ( |6.77| ). We will start by checking the modular properties of Z^{tq) as given in 
(|6.79|) . As explained in ||100|| , one should expect the following behaviour under the modular 
group. Under a T transformation, taking Tq —>■ Tq + 1, the partition function for fixed ^ 
must transform into itself with a possible anomalous ^-dependent phase. Indeed, ( |6.79|) 
behaves under T in the expected fashion: 



(6.85) 



Checking ( |6.85p involves some tricky steps that we now explain. Let us rewrite ( |6.79| ) as: 



= Ai(ro)^5^ [.p, + [v42(ro) + ^-«'A3(ro)J ^^(-1) 



(6.86) 
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where we have set 

A2(ro) = 21-^^+3(^^+11'^) (G(go'/'))'^' (^2^3/2)^'^+"^^/' 



(6.87) 



and so on. Under tq — * tq + 1 we have: 

A, ^ Ai, ^ ef (2x+3<x)^3 ^ ^3 ^ ef (2x+3.)^^ ^ (6_88) 

and we have taken into account that v G 22 throughout. In view of (|6.88|) , the partition 
function in ( |6.86D transforms as follows: 



Z^^Z^ = Ai(ro) 5^5^_[.]n, + [A3(ro) +r«'A2(ro)J ^(-1 



that is 



(6.89) 



(6.90) 



The phase i^^ in front of Ax seems to spoil the invariance of under T. That this is not 
actually so is because of the constraint ^ +x/2 = mod 2. Indeed, when ^ +x/2 = mod 2 
we have = a;^/4 mod 4, and therefore 

= ,-V4 ^ ,(2x+3.)/4 ^ ^2.+a/4 ^ ^g_g^) 

which guarantees that is invariant (up to a phase) under tq ^ tq + 1. 

Likewise, under an S transformation, taking tq —>■ —1/tq, one should expect the 
following behaviour: 

Z^i-l/To) oc ^(-l)^-«Z^(ro). (6.92) 

C 

It turns out that the partition function ( |6.79|) indeed satisfies ( |6.92|) . In fact, 

Z,(-l/ro) = 2-^^/^ (7)"''E(-1)'-'^c(-o). (6.93) 

C 

In order to check ( |6.93|) , one has to use the modular properties of the different functions 
in (|6.79| ), which are compiled in the appendix in sect. |6.7| , and handle with care the 
summation over fluxes in ( |6.93| ). The following identities are useful: 



c 



2 ^ 



X 



(6.94) 
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To prove these identities, we borrow from eq. (5.40) of [|100|| the following formulas: 

^(-1)^-^5.,.' = (-1)^-^', 

z 

z 

z 

(6.95) 

In addition to this, we have to take into account that, since the manifold is spin, a = 
mod 16, X G 2H'^{X, 2), and x ■ G 22. Similarly, one should not forget to impose 
the constraint G 22. 

Using ( |6.80D and ( |6.83|) , one finds the following duality transformation properties for 



the SU{2) and 5*0(3) partition functions: 



Zsu{2){tq + 1) = Zsu(2){to), 

^50(3)(To + 2) = Zso{3){To), 

Zsui2){-l/ro) = 2-^/\~^/^Zsoi3)iro). 

(6.96) 

As expected, the partition function for 5*0 (3) does not transform properly under tq — >■ 
To + 1, but transforms into itself under tq — tq + 2. Hence, the SU{2) or 5*0(3) partition 
funcions are invariant under the subgroup r°(2) C SL{2, 2). 

We will now analyse the behaviour of the topological correlation functions under mod- 
ular transformations. First, it is useful to work out how the different terms entering ( |6.77D 
transform. Under tq — I/tq we have. 




(6.97) 



These formulas entail for the topological correlation functions the following behaviour 
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under an S transformation: 



1 \ SU{2) ^ 



/to 

\ sum 1 

^ - , Tr + ^ A ^) ) = = — , 

J S 'To 

(6.98) 

At first sight, the behaviour of {I{S)) under tq — > — I/tq seems rather unnatural. Since 
I{S) is essentially the magnetic fiux operator of the theory, one would expect that it should 
transform under 5* into the corresponding electric fiux operator J{S) ~ Tr (0 * F) of 
the dual theory. However, this operator (or any appropriate generalization thereof) does 
not give rise to topological invariants, so one could question whether it should play any 
role at all. Likewise, one would like to understand the origin of the shift {O) IKS' fl S) in 
the transformation of {I{S)I{S)). 

These a priori puzzling behaviours are quite natural when analysed from the viewpoint 
of Abelian electric-magnetic duality^ In fact, there exists a simple Abelian topological 
model whose correlation functions mimic the behaviour in ( |6.98|) under electric-magnetic 
duality. 

This model contains an Abelian gauge field A, whose field strength is defined as 
F = dA, two neutral scalar fields (p, A, a Grassmann-odd neutral one-form ijj and a 
Grassmann-odd neutral two-form x- The Lagrangian is simply the topological density 

'f AF= ^e^^.^F^^F'^^, (6.99) 

plus conventional kinetic terms for the rest of the fields: 

Co = -^ToF AF + lmTod(t>A*dX + lmToxA*diJ. (6.100) 

4:71 

This Lagrangian possesses the following BRST symmetry: 

[Q,A]=ij, {Q,ij} = d(P, [Q,^] = [Q,\] = {Q,x} = 0. (6.101) 

Notice that the non-holomorphic metric-dependent dependence on tq in ( |6.100[ ) is BRST- 
exact: 

Im To {d(f) A*dX + X A*dip) = Imro{Q, A *dA - x A (6.102) 

Therefore, the partition function J V[A, 0, A, 0, x, ]e-^ ^° is metric-independent and a priori 
holomorphic in tq. 

^We thank J.L.F. Barbon for useful conversations on this point. 
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The presence of magnetic sources in the theory is mimicked by imposing the conditions: 

F = 27^n^ n"" G 2, (6.103) 



Sa 

where the {Sa}a=i,-b2ix) are two-cycles representing a basis of H2{X,'\R). Notice that 
indeed F gives the magnetic flux of F through S. Owing to ( |6.103[ ), F can be decom- 
posed as F = da + 2'71 J2a ^"'[^a], where a is a one- form in X and [Sa] are closed two- forms 
representing a basis of H^{X,]R) dual to {Sa}- With these conventions, the piece in J Cq 
containing the field strength is simply 



Y,n'^Qabn\ (6.104) 



a.b 



with Qab = /x['S'a] A [Sfe] = ^{Sa fl S^) the intersection form of the manifold. The func- 
tional integral J T>A therefore involves a continuous integration over a plus a discrete 
summation over the magnetic fluxes n". 

We wish to calculate the correlation functions (0^) and (/^(20F + A and anal- 
yse their behaviour under duality transformations. For this we consider the generating 
functional: 

J VAV(i)VXD^pVxe^'''^^^'^\ (6.105) 



where 



2 

Cip, S) = — TqF a F + lmTod(j) a *dX + Im Tq x A *dil} 
Atx 

+ -^(20F + ^A^)A[^] + -^02_ 



(6.106) 



Notice that the operators </)^ and j g{2(l)F Aip) are BRST- invariant. This guarantees, 
in the usual fashion, the topological invariance of the generating function ( |6.105| ). 

It is possible to rewrite (|6.105|) in terms of an equivalent, dual theory, which is also 



a topological Abelian model of the same sort, but with an inverted coupling constant 
Tq = —1/tq. The details are similar to those in conventional electric-magnetic duality 



for Abelian gauge theories p8|||101|| ||111|| : one introduces a Lagrange multiplier Ad to 
enforce the constraint F = dA in the functional integral. This A^ can be thought of as 
a connection on a dual magnetic line bundle. Its field strength Fo = dA^ is taken to 
have quantized fluxes through the cycles Sa- F^ = dan + 2tt X^a ^""[^a]- To deal with the 
other fields, we augment the quintet {F, ip, cj), A, x} with a dual Abelian field strength F^, 
a dual neutral Grassmann-odd one- form ipD, dual neutral scalars 4>d, ^d, a dual neutral 
Grassmann-odd two- form xd, bosonic four-form multipliers b, b, a Grassmann-odd three- 
form multiplier p and a Grassmann-odd two-form multiplier uj, and consider the extended 
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Lagrangian: 



C{p,S) = -^ToF A F +^^^d^D A*d\+^^^d^ A*d\D 

Iin To , , Im To , , 

+ — — X A *#D + -tt—Xd a *dip 

+ f 20F + -V- A ^d] a [S] + 

-^F AFd + b{(j)D - ro0) + b{XD - tqA) 
+P A (V'D - Totp) +u A{xd- fox)- 



(6.107) 



By integrating out the dual fields Fd, 0^, i/jd, xd and A^, and the multipliers b, b, p, uj, 
it is straightforward to verify that the generating functional: 

J V[F, <p, ^, A, X, Fd, <Pd, ^d, Xd, Xd, b, b, p, u] e^- (6.108) 



where now the integration over F is unrestricted, represents the same theory as ( |6.105|) 



The dual formulation can be achieved by integrating out instead the original fields F, 0, 
A, X and ip, together with the multipliers b, b, p and u. One obtains in this way the dual 
Lagrangian: 



Cd{p,S) = Fd AFD + lmTQd(f)D A*dXD + lmT^XD ^*d'il>D 



-1 ^,{2<PdFd + ^dA ^d) a [S] + ^.iM' + ^^[^] A [S]. 

(6.109) 



Notice that this dual Lagrangian is invariant under the appropriate dualized version of 
(161011) : 



[Q,AD]=ijD, {Q,i^D] = d(t)D, [Q,(t)D] = [Q,XD\ = {Q,XD} = Q. (6.110) 



From ( |6.109|) we can immediately read off the behaviour of the correlation functions under 
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To -I/tq: 



-l/ro 



(6.111) 



which, as promised, faithfully reproduces the modular properties (|6.98|) of the correspond- 
ing topological correlation functions of the full, non-Abelian theory. 



6.6 More properties of the generating function 

In this section we will analyse more properties of the generating function ( |6.77] ). First, 
we will study its behaviour in the massless limit m — > 0, then we will show that the 
Donaldson invariants are contained in the partition function by studying the Af = 2 limit 
(m — *• oc) and, finally, we will show that on K3 it reduces to the one obtained by Vafa 
and Witten for another twist of the J\f = 4 supersymmetric theory. 



6.6.1 Massless limit 



We wish to analyse the behaviour of ( |6.77| ) and ( |6.79|) in the limit m — > holding tq 



fixed. Since we have factorized out the overall dependence on m, the analysis here is 



much simpler than that in |B3 but leads to a somewhat puzzling result. Notice that all 
the dependence on m in the generating function is contained in the observables. Consider 
a certain correlation function {O^^^ ■ ■ ■ O^'^^). The observable insertions carry an explicit 



mass dependence dictated by their ghost number (|6.41| ), so we have 



(C)(1)... ) ocm^-if-/^ (6.112) 

where gn is the ghost number of the observable O^"'^ . As the exponent in ( |6.112| ) is always 
positive, all the correlation functions vanish in the limit m — whatever the values of x 
and a be. Notice that one would generically expect that the correlation functions should 
be non-zero unless 2% -|- Sex > 0. However, on manifolds with 6^ > 1, the topological 
correlation functions are given by the contributions from the singularities in the moduli 
space of the physical theory. In the massless limit, the three singularities of the low-energy 
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description of the physical A/" = 4 theory collapse to a unique singularity at m = 0. This 
is a superconformal point where we generically expect all the correlation functions other 
than the partition function (which is itself the vacuum expectation value of the identity 
operator) to vanish. Thus, the vanishing of the topological correlation functions could be 
thought of as an effect of the superconformal invariance of the undelying J\f = 4 theory. 
Anyhow, one should not take these results too seriously. The generating function was 
derived for generic values of the mass m (and in particular for non-zero values of the 
mass), so it is not clear that setting m = is meaningful at all. 



6.6.2 The J\f = 2 limit and the Donaldson-Witten invariants 



We would like to analyse the fate of our formulas for the generating function under the 
decoupling limit m — > oo, go ^ 0, holding Aq, the scale of the Nf = theory, fixed: 
4m^go = ^0^- In this limit, the singularities at strong coupling evolve to the singularities 
of the A/" = 2, Nf = SU{2) theory, while the semiclassical singularity goes to infinity and 
disappears. While this limit is perfectly well-defined for the Seiberg-Witten curve, it is not 
clear whether the corresponding explicit expressions for the prepotentials and the periods 
should remain non-singular as well. The question therefore arises as to whether taking 
this naive limit in the twisted theory could give a non-singular result, that is whether, 
starting from (|6.77|) or ( |6.79| ), one could recover the corresponding expressions for the 



twisted (pure) SU (2) A/" = 2 supersymmetric theory. This limit has been systematically 
studied for the twisted Af = 2 gauge theory with Nf hypermultiplets in the fundamental 
representation (and Nf < 4) in [^. Dijkgraaf et al. |^ considered the same limit 
for the Vafa-Witten partition function, and they were able to single out a piece which 
corresponds to the partition function of the twisted M = 2 supersymmetric theory as first 
computed by Witten ||110|| . We will go a step further and recover, in the same limit, the 
full generating function for the Donaldson-Witten invariants. 



We will focus on the generating function ( [6.771 ). We will keep the leading terms in 



the series expansion of the different modular functions in powers of go- We will use the 
explicit formulas: 



G(go') 



1/2 



+ ■ ■ 



1/2 



+ 



MQo)M(1o)/2 



(6.113) 
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As for the modular functions entering the observables, we have the following behaviour: 

1 1 

4 o 

Z2 = Im'e^iro) = -^m' - 4Ao^ + 0(AoV^'), 
1 1 



(6.114) 



and 



{dz/dan)2' = lm\^2^sY = 16Ao' + 0(AoV"^'), 
{dz/da,),' = -^m\A^,y = -leAo^ + 0{AoVm') 



(6.115) 



and, for the contact terms Tj (|6.71|) , (|6.74|) : 

Ti=0(AoV^'), T2 = -2Ao' + 0(AoVm'), T3 = 2Ao' + 0(AoV^')- (6-116) 
While the contribution from the semiclassical singularity behaves as 

2-''qo-'eP"''/\.. , (6.117) 
the contributions from the strong coupling singularities give the following result: 



2i+i(7x+ii-) ^(_i)fV^^, + ,-«^e-2f-# ^(-1)^ 

^ \ X X 



(6.118) 



(we have set Aq^ = —1/4), where the quantity in brackets is precisely Witten's generating 
function for the twisted J\f = 2 50(3) gauge theory! 

6.6.3 The partition function on K3 

We now specialize to K3. This is a compact hyper-Kahler manifold, and as such one would 
expect [ p.09|| the physical and the twisted theories to coincide. Therefore, our formulas 
are to be considered as true predictions for the partition function and a selected set of 
correlation functions of the physical A/" = 4 50(3) gauge theory on K3. 
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Only the zero class x = contributes on K3, and 71^=0 = 1. Moreover, x = 24 and 
a = — 16, so z/ = 2 and 2% + 3(t = 0. The answer for K3 is therefore: 

= \G{qo')6,,o + Iciqo'/') + z-«^lG(-go^/^), (6.119) 

which happily coincides with the formula given by Vafa and Witten [|10CI|| . We can go 
even further and present the full generating function on K3: 

(6.120) 

Notice that the correlation functions, which follow from ( |6.120| ), are proportional to 
the mass m, and therefore all vanish (except for the partition function) when m — > 0, as 
expected. 

The generating function for SU{2) is obtained from ( |6.120[ ) by simply setting ^ = 
and dividing by 2: 

/ pO+/(S)\-^3 
\ / SU{2) 

8 4 4 

(6.121) 

The corresponding expression for 5*0(3) bundles is given by the sum of ( 6.1201 ) over all 



't Hooft fluxes. As explained in ||100|] , the allowed 't Hooft fluxes on K?, can be grouped 
into different diffeomorphism classes, which are classified by the value of modulo 4 {K3 
is spin, so is always even). There are three different possibilities and, correspondingly, 
three different generating functions to be computed: = 0, with multiplicity rig = 1, 
gives just the SU{2) partition function; ^ 7^ 0,,^^ G 4Z, with multiplicity nevcn = (2^^ + 
2ii)/2 - 1; and = 2 mod 4, with multiplicity nodd = (2^^ - 2")/2. The ^0(3) answer 
is the sum of the three generating functions (with the appropriate multiplicities): 

\^ /50(3) ~ \^ /5=0 ^ \^ /even ^ '*°dd \e /^^d 

= iG'(go') e^^'^^+^'^i + 22iG(go'/')e'^^^+^'"^^ + 2iOG'(-go'/')e'^^^+^'^^ 

(6.122) 



All these generating functions behave under duality as dictated by ( |6.85| ), ( |6.92| ) and 



(|6.98| ). In particular, the S transformation exchanges the SU{2) and S0{?>) generating 



functions according to (|6.96|) and ( |6.98| ) 
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6.7 Appendix 

Here we collect some useful formulas which should help the reader follow the computations 
in this chapter. A more detailed account can be found in appendices A and B of [Q. A 
very useful review containing definitions and properties of many modular forms can be 
found in appendices A and F of 



6.7.1 Modular forms 

Our conventions for the Jacobi theta functions are: 

oo 

^^{r)= J2 g("+^/')'/' = 2gi/8(l + g + g3 + 



n=— oo 

oo 



^3(r)= ^ g«V2^i + 2gi/2 + 2g2 + ..., 

n=— oo 

oo 

^^(r) = J2 (-1)"?"'^' = 1 - 2g'/' + 2g2 + . . . , 

n=— oo 

(6.123) 

where q = e^"^" . They satisfy the identity: 

UrY = Urf + Ur)\ (6.124) 

and they have the following properties under modular transformations: 
^2{-l/r) = v^^4(r), + 1) = e^'^/%(r), 

d^i-l/r) = ^M-^), d^{T + 1) = §,{t), 

M-^/r) = v^^92(r), Ur + 1) = Ur)- 

(6.125) 

From these, the modular properties of the functions Cj (|3.11| ) follow straightforwardly: 

ei(-l/ro) = ro2e2(ro), ei(ro + 1) = ei(ro), 

e2(-l/T-o) = ro^ei(ro), e2(ro + 1) = e3(ro), 

e3(-l/ro) = ro^e3(ro), e3(ro + 1) = e2(ro). 

(6.126) 

Notice that, from their definition, Ci + 62 + 63 = 0. Likewise, we can determine explic- 
itly the behaviour of the functions ( p. 181 ) and of the periods p.l9| ) under modular 
transformations: 

Ki(-l/ro) = ro^K2(ro), Ki{tq + 1) = -«:i(ro), 

'«2(-1/t-o) = ro^Ki(ro), K2(to + 1) = ^3(^-0), 

%(-l/^o) = -T-0^'t3(l"o), l^^i.'TQ + 1) = /t2(ro), 

(6.127) 
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and 



{da/ dz)i'\_j^ = Tq '^{dao/ dz)2^\Toi {da/ dz)i'\T-^^^i = {da/ dz)i'\rQ, 



{daD/dz)2^\_^ = tq ^{da/dz)i^\rQ, {daD/dz)2^\ro+i = {dad/dz)3^\ro, 

{dad/dz)3^\_i_ = To~'^ {dad/ dz) 3^ \ro, {dad/dz)3^\ro+i = {daD/dz)2 



TO 1 

(6.128) 



where we have set ad = ao — a- 

The Dedekind eta function is defined as follows: 



ry(r) = _ g«) = ^(_i)"g|(«-V6)^ = gi/24(^ _ g _ ^2 ^ . . . (6.129) 

n=l — oo 

with q = exp(2i7rr). Under the modular group: 

v{-1/t) = ^l^v{r), V{r + 1) = e'^/'^r]{T). (6.130) 



The following identities are useful: 



V{rr = lMr)Mr)Mr), Mr) = 2^^. 



(6.131) 



With these formulas we can rewrite the functions G{q) featuring in the Vafa-Witten 
formula in terms of standard modular forms: 



Gil) = 773^. G{q') 



r/(g)24' ' r]{2T)^^ \7]{T)Mr 

G{Q'^') = -7kr.=^—^—Tu^ G{-q'") ^ ^ 



12 



^(i)" (^(r)^4(r))"' ^ ' V{m'' {ri{r)Ur)T' 

(6.132) 



These functions have the following modular properties [|100|| : 



G{q'y^'G{q\ G{q^)--^'2'^r-'^G{q'l% 
G{qy^y^'G{-q'/^), G{q^'^Y^-^^2-^\-^^G{q^), 
G{-q'/y^^G{q^'^), G{-q^/^Y^-^\-^^G{-q^'^). 

(6.133) 
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The Eisenstein series of weights 2 and 4 are: 



12 



E2 = -a4ogr/ = l-24V-^ = l-24g + --- 
ITT ^-^ 1 — a 



n=l 



OO n 



n=l 



(6.134) 



While Ei is a modular form of weight 4 for S'/(2, 2), E2 is not quite a modular form: 
under r ^ (ar + &)/ (cr + d) we have 



^ ,'ar + 6\ , ,,0 „ . , Qic, 
^9 ( : = (cr + dfE2{T) (cr + d). 

CT + a / TT 



(6.135) 



The non-holomorphic combination E2 = E2 — 3/(7rImr) is a modular form of weight 2, 
which enters in the definition of the contact term T in ( |6.46| ). 



6.7.2 Lattice sums 



Here we quote some of the results in appendix B of to which we refer the reader for 
more details. These formulas are quite useful when performing the duality transformations 
among the different frames on the w-plane. 
We introduce the following theta function: 



er(r, a,/3;P,7) = exp 



^expjz 



TT 



(7^-7!) 



Aer 



z7rr(A + /3); + OTf (A + I3)i + 2m{X + /3) ■ 7 - 27rz A + -/3 ■ a 



TC 



"^expliTTTiX + /3)l + iTTf{X + /3y_ + 2m{X + (3) ■ - 2m{X + (3) - a I, 
Aer ^ 



(6.136) 



where F is a lattice of signature (6+, 6_) on which an orthogonal projection P±{X) = X± 
and a pairing (a, /5) — a ■ /? G IR are defined. 
The main transformation law is: 



Or (-l/T,a,(3;P,^ + ^ 

\ T T 



_L(_,^)''+/2(,^)^>-/20^, (6.137) 



where T* is the dual lattice. Given a characteristic vector W2 G F, such that 

A ■ A = A -wa mod 2 (6.138) 
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for all A e r, then we have: 

er(r + 1, a, /3; P, 7) = e-^'^^'^'^/^Or (^r, a - /3 - ^«;2, /3; P, 7) ■ (6.139) 
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Chapter 7 

The amphicheiral theory 



7.1 The twisted theory 



The last theory we will consider was briefly introduced at the end of reference [ 114|| , and 



afterwards it was considered in detail in [|T^||56|[^. It corresponds to the decomposition 



(see chapter |[) 4 — > (2, 1) © (1, 2), but it is easier (and equivalent) to start from the 
second twisted theory and replace SU{2)ii with the diagonal sum 5'[/(2)'^ of SU{2)ji itself 
and the remaining isospin group SU{2)f (this is very much alike to a conventional M = 2 
twisting). This introduces in the theory a second BRST-like symmetry, which comes from 
the J\f = 4 spinor supercharges Q^a- As we pointed out at before, there are several unusual 
features to this theory that we think deserve a detailed analysis. We begin by recalling the 
fundamentals of the second twist. The symmetry group H = SU{2)l ® SU{2)r ® SU{4:)j 
of the original A/" = 4 supersymmetric gauge theory is twisted to give the symmetry 
group n' = SU{2)'l ® SU{2)r ® SU{2)f ® U{1) (we will refer to this as the L twist) of 
the half-twisted theory. The supersymmetry charges and Q^a decompose under 7i' as: 

a © Qva ^ Q'"^^^ © ^\aP) ® ® Q^xa © Q\a 

But one can also twist with SU (2) n thus obtaining its corresponding "mirror" T twist with 
symmetry group H' = SU{2)l © SU{2)'^ © ^^7(2)^. © f/(l) {R twist). Both formulations 
are related ( |4.8|) through an orientation reversal and a change of sign in 9q. Now we can 
twist SU{2)p away in four different ways. Two of these (LL and RR) take us back to 
the Vafa-Witten twists T and T. The other two {LR and RL) should lead us to the 
twist considered in |T^||7^ and its corresponding T twist. The non-trivial result is that 



either of these two different choices leads to the same topological theory. This can be 
seen as follows. Pick one of the possibilities, say, LR. After the first twist we have the 
half-twisted theory with symmetry group Ti' and supersymmetry charges ( [7. 1|) . If we now 
twist SU{2)f with SU{2)r we obtain, from the last charge in (|7. 1|) , a second scalar charge 
Q given by: 
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Notice that both the anticommuting symmetries, Q and Q, have the same ghost 
number, so they are both to be considered either as BRST or anti-BRST operators. This 
is in contrast with the situation we found in the Vafa-Wittten twist where, after exphcitly 
breaking the isospin group SU{2)p down to its T3 subgroup, we ended up with two scalar 
charges Q^^^ and Q^~^ with opposite ghost numbers, which were then interpreted as a 
BRST-antiBRST system. 

The fields of the new theory can be obtained from those in the half-twisted theory as 
follows: 



\ , ^(.-^) \(+i) , 

, „/,(+!) , f^(-l) y(-l) 



(7.3) 



where we have included also the corresponding fields of the N" = 4 theory and the ghost 
number carried by the twisted fields. The notation is similar to that in ref. |]73[. Notice 
that if we exchange SU{2)l by SU{2)r the field content in (|7.3|) does not change. This 
in turn implies that the LR and RL twists are in fact the same. 



= 5|^ (7.4) 



or, in other words, the third twist leads to an amphicheiral topological quantum field 
theory. Since it is known that the two twists are related by = {X denotes 

the manifold X with the opposite orientation), it follows that by reversing the sign of the 
^-angle one can jump from X to X: 



'5x = 5^L„_,„. (7.5) 



We will see in a moment that this information is encoded in the discrete conjugation 
symmetry introduced in [^. 

The definitions in (|7.3| ) are almost self-evident. The only ones which need clarification 
are those corresponding to fj and Xap- conventions are: 
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In terms of the fields in (|7.3| ), the on-shell action ( |6.5|) takes the form: 



V2 



327r2 



(7.7) 



The next thing to do is to obtain the symmetry transformations which correspond to the 
new model. Recall that we have now two fermionic charges Q and Q. The transformations 
generated by Q are easily obtained from those in the previous twist (|6.71 ). To obtain the 
transformations generated by Q we must return to the A/" = 4 theory. Let us recall 
that the J\f = 4 supersymmetry transformations are generated by iv"Q^ a + aQv"- The 
transformations corresponding to Q are readily extracted by setting = = and 
making the replacement 



f 3,4 , f « .CP 
S a S a S a 



In this way one gets the following set of transformations: 



(7.8) 



SB = V2eri, 
6C = 0, 



6B 

SVaa 



-2eV(c,"V'/3)a, 

2ii[B,C], 

^iF-^-^i[V^^,V-^], 

-lV2iVaaC, 

~V2if], 
0, 

V2ei)aa- 



(7.9) 
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Since there are no half-integer spin fields in the theory it is preferable to convert the 
spinor indices into vector indices. To do this we make the following definitions: 




where x^inn. = (l/2){Xmn i {l/2)emnpqX^'^} ■ ordcr to extract a manifestly real action 
we also make the replacements ip — >• —iip, x"*" — >■ ix^, fj ^ ifj and Q ^ iQ. The resulting 
action is: 

^0 J 



2V2 ' ^ ' 2 

^'^Tr{*F^„F-«}, (7.11) 
and the corresponding transformations become: 

Sil^m = V2eV„,C, S^Jrn - -2ie[K„, C] 
5fi = -2V2eVmV'^, Sri = -2ie[B, C], 

Sx'n = 2V2e(V[^K])~, 5x-„ = eF-„ - 2ie{[Vm, K])~, 

<^X+„ = -ei^^n + M[Vm, K])+, ^x+„ = 2V2e(V[^K])+, 
577 = 2ie[S, C] , 577 = -2v^eV^y"*, 

= -2ie[F^, C], 5^;^ = -\^eV^C, 
55 = ^267], SB = -V2efi, 

SC = 0, SC = 0, 

5Kn = -V2e^^, ^Kn=-\/2e^m, (7.12) 

where (X[„„])=^ = |(X[^„] ± *X[„„]), and = |(X^„ - X„m)- The generators Q and 

Q satisfy the on-shell algebra: 

{Q,Q}^S,(C), 
{Q,Q}^S,{C), 

{Q,Q}^0. (7.13) 
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Now consider the following discrete transformations acting on the fields of the theory: 



B 
A 

V 
V 



A, 
-V, 




c - 




V - 








i'- 










(7.14) 



mnpq 



— e 



mnpq i 



Notice that these transformations involve the simultaneous replacement e 
which is equivalent to a reversal of the orientation of the four-manifold X. Because of 
this orientation reversal, the sign of the theta-term in ( [7.11[ ) is also reversed. Thus the 
22-like transformations (|7.14 ) map the action on X to the same action on X but with 
—Oq. This is precisely the information encoded in (|7.5| ). 

It is also noteworthy that the transformations ( [7.14| ) exchange the BRST generators 
Q and Q - one can see this by looking at ( [7.12| ). Indeed, had we not known about 
the existence of one of the topological symmetries, say Q, we would have discovered it 
immediately with the aid of the symmetry ( [7.141 ). In addition to this, one can readily see 
that the replacements dictated by ( |7.14| ) preserve the ghost number assignments of the 
fields. In what follows, we will usually refer to the transformations ( [7.14{ ) by but the 
reader must be aware of this abuse of notation. 

Several things remain to be done. It would be desirable to obtain an off-shell formula- 
tion of the model. Besides, it would be interesting to find out whether the off-shell action 
(provided that it exists) can be written as a Q- (or Q, or both) commutator, and write 
down the explicit expression for the corresponding gauge fermion. And finally, the theory 
should be generalized to any arbitrary four-manifold of euclidean signature. 

We have found a complete off-shell formulation involving both BRST symmetries 
simultaneously such that the action (|7.11|) is (up to appropriate theta-terms) Q and Q- 
exact. 

Let us examine these results in more detail. The on-shell algebra ( 7.13 ) can be ex- 
tended off-shell by introducing the auxiliary fields N^^, and P, which have zero 
ghost number and are taken to transform under ^2 as A^"^ ^ —N^, P —P. In terms 
of these fields, the transformations ( [7.12| ) are modified as follows: 



Sf] = -2V2eVmV"' + eP, 

SP = -4eV^^'" + 4y2^e[^™, Vm] + 2V2ze[fi, C], 

^X'ran = 2v^e(V[^K])" + cA^-^, 
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5N-^ = 4eV[„^;] - 4V2te[^[^, K]]" + 2v^ze[x-„, C], 
6xin = -^F+^ + M[Vm, K])+ + eiV+„, 

(7.15) 

The other transformations in (|7.12|) remain the same. Equivalent formulas hold for Q and 
are related to those in ( [7.15| ) through the ^2 transformation. In this off-shell realization 
the auxiliary fields appear in the action only quadratically, that is, 

5« = + y"Tr I i(iV+)2 + i(iV-)2 + ^P'l . (7.16) 

The action S^^^ can be written either as a Q commutator or as a Q commutator and is 
invariant under both, Q and Q, that is, 

S^'^ = {Q,^+}-2mkTo = {Q,^-}-2mkfo; [Q, 5«] = = [Q, (7.17) 

where the gauge fermions \E'^ are not equal but are formally interchanged by the ^2 
transformation and k is the instanton number ( |4.2| ). It is possible to redefine the auxiliary 
fields to cast either the Q or the Q transformations (but not both simultaneously) in the 
standard form, 

{Q, ANTIGHOSt} = AUXILIARY FIELD, 
[Q, AUXILIARY field] = 5'^''"'^'= ANTIGHOST, 

(7.18) 

which is essential to make contact with the Mathai-Quillen interpretation. Performing 
the shifts, 

P — >P + 2v^V„\/™, 

(7.19) 



which can be guessed from (|7.15|) , the Q transformations take the simple form: 



6 Am 




5 1pm 


= V2eVmC, 






d-ljjm 


= -2te[Vm,C], 


6C 


= 0, 


61] 


= 2ie[B,C], 


5B 


= V2eri, 


6P 


= 2V2ie[f],C], 




= eP, 






" Amn 


= eN^ 




= 2V2ze[xin,C] 




= eN~ 


6N~ 

" mn 


= 2V2ze[Xmn,C] 



(7.20) 
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The point is that if instead of ( [7.19|) we make the Z2 conjugate shifts, 



P-^P + 2V2VmV"', 
NL — Kn - 2v^(V[„K])+, 

it is 5 = eQ the one which can be cast in the simple form: 



(7.21) 



6 Am 


= -2ei)m, 


dlpm = 


-V2eV.mC, 






Sipm = 




6C 


= 0, 


5fj = 


-2zi[B,C], 


6B 


= -v^er], 






5rj 


= eP, 


6P = 


2V2te[r],C], 


" Amn 


= eA^+ 


= 

" mn 


2V2zi[xi^,C], 




= eN~ 


6N- = 

" mn 


2V2t~e[x-,,,C]. 



(7.22) 

Notice that since the appropriate shifts are in each case different, the one which simphfies 
the Q transformations makes the corresponding Q transformations (not shown) much 
more comphcated and conversely, the shift which simplifies the Q transformations makes 
the corresponding Q transformations (not shown) much more complicated. 

Keeping these results in mind, from now on we will focus on the Q formulation, that 
is, on the off-shell formulation in which the Q transformations take the form ( [7.2(]| ). The 
off-shell action which corresponds to this formulation is: 

5(2) = 1 f d'^xTT{ -V„5V™C + -A^+„( Ar+™" + 2^+"*" - 4i[\/™, ) 
% J 2 

+ In-JN-"""' - 4V2(V[™\/"1)- ) + ip( P + Av^VmV^ ) 
2 o 

- zv^x+™"[xt„, C] + iV2^^[^m. B] - AV2ixt.3'^. n 

+ 2^2 r/[V'„^, V^] - r/[r7, C] + ^v^V'm[V'"^, B] - 2^2 r/[V>^, V^] 
2\j 2 

+ 2[P,V;„][C,\/n}-27r^ro^ ^ rf^x Tr { *P^„P"^" }, 

(7.23) 
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and reverts to (|7.11|) after integrating out the auxiliary fields. The TQ-independent part of 
the action (|7.23|) is Q-exact, that is, it can be written as a Q-commutator. The appropriate 
gauge fermion is: 

^+ =1 f Tr { ]-xLn ( + - ) 

+ ^x;;n( iv"™" - 4V2(v[™y"i)" ) + 1,^ ( P + aV2v^v^ ) } 

+ ^ / rf^x Tr { i=i? ( V„^" + z V2[^^, V^] ) ] 
^0 J v2 

(7.24) 

notice that would correspond to the ^2 transformation of \E'"'". The gauge fermions \E'"'" 
and in ( |7.17| ) are easily obtained after undoing the shifts ( |7.19| ) and ( |7.21| ), respectively. 

Now we switch on an arbitrary background metric g^j^iy of euclidean signature. This is 
straightforward once we have expressed the model in the form of eqs. ( |7.20|) and ( |7.24| ). 
The covariantized transformations are the following: 





= 2e^^, 




= V2eV^C, 








= -2te[V„C], 


6C 


= 0, 






5B 


= V2eT], 




= 2ze[B,C], 


5fj 


= eP, 


6P 


= 2V2te[fi,C], 




= ^K, 












= 2V2te[x-^,,C], 



(7.25) 

and the action for the model is defined to be Si^^ = {Q, \1'^} — 2'KikTQ, with the gauge 
fermion (appropriately covariantized): 

^+ =L f d'x v/^Tr { Ixtu ( N^'" + '^F^'" ' ) 

+ \x-. ( - ^V2{V^^V'^)- ) + Ir^ ( P + aV2V,V^' ) ] 

+ \ [ d'x^TT{^B{ V,r + ^V2[^„ V^] ) } 
'^0 Jx V 2 

f d'x^TT{'-7^[B,C]}. 



^0 Jx 



(7.26) 
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The resulting action reads: 

5(2) = \ f (fx v/^Tr { -V^BVf'C + ^iV+^ ( + 2F+f"' - 4i[r^, ) 

- ^ c] + ^v^^/.[^^ B] - tV2f^[i,„ n + AV2tx;Ar, n 

- ^v^x;.[x-^^ ^] " ^ ^f^' ^] " ^f^' + ^f^' ^'^^ ^ 

-27rzro^ ^ d^x ^^Tr { ^F^.F^^^ } . 

(7.27) 



If we integrate out the auxihary fields in ( [7.27| ) we recover the action ( [7.11| ). To close the 



analysis in this section we shall state the relation between our model and those presented 
in [|14|[|73|. After integrating out the auxiliary fields N^, our action (with 60 set to zero) 



and transformations match those by Marcus |7^ in the a = 1 gauge, after the following 
redefinitions (Marcus' fields and charges are denoted by a subscript M): 

QM = ^{Q-^Q), QM = l{Q + iQ), 

Am = -A, Vm = V2V, 

Xm = 2(x+-zx"), Pm = ~P, 

Cm = --^B, Em = i^C. 



V2 



(7.28) 



According to Marcus' conventions, one has to replace simultaneously our hermitean group 
generators T with the antihermitean generators Tm = —iT. 

Similarly, the relation to the theory proposed by Blau and Thompson |1^ can be 
stated by means of the dictionary, 

Qbt = j{Q + Q). Qbt = j{Q-Q). 

Abt = -A, Vbt = V2V, 
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UJ 



Vbt = -^iv-v), 
Xbt = -2u;(x+ + X" 
4)BT = -V2B, 



where u = 1 — i. Again, Tbt = —iT. 



IpBT 

Vbt 
ubt 

(f)BT 



1 



72 



(7.29) 



7.2 The theory in the Mathai-Quillen approach 

The relevant basic equations for this model can be identified from the fixed points of the 8 
symmetry transformations ( [7.121) . They involve the self-dual part of the gauge connection 
and a real vector field V"^ taking values in the adjoint representation of some finite 
dimensional compact Lie group G: 

rF+ -z[i;,K]+ = o, 

< (I)[,K])~=0, (7.30) 

v,y^ = 0. 



7.2.1 The topological framework 

The geometrical setting is a certain compact, oriented Riemannian four-manifold X, and 
the field space is = Q^[X, adP), where A is the space of connections on a principal 
G-bundle P ^ X, and the second factor denotes, as we have already seen before, 1-forms 
on X taking values in the Lie algebra of G. The group Q of gauge transformations of the 
bundle P has an action on the field space which is given locally by: 

g*iA)=iidg)g-' + gAg-\ 
9*{V)=gVg~\ 

(7.31) 

where V G Q}{X, adP) and A is the gauge connection. In terms of the covariant derivative 
(Ia = d + i[A, ], the infinitesimal form of the transformations (|7.31|) , with g = exp{—iC) 
and C G {X, adP) , takes the form: 

6g{C)A = d^C, 

6g{C)V = z[V,C]. 

(7.32) 
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The tangent space to the field space at the point {A, V) is the vector space T(^a,v)-M. = 
f2|^^(X, adP) © Q^y-^{X , adP) , where adP) denotes the tangent space to A at 

A, and fl^y^i^X , a.dP) denotes the tangent space to Q^{X,adP) at V. On T(^y)A1, the 
gauge-invariant Riemannian metric (inherited from that on X) is defined as: 



{{^|J,^P),{e,Cu)) = / Tr(V'A*^)+ / Tr(^ A ^cZ;) (7.33) 
Jx J X 

where ip,9 e ^\a){X, adP) and i),uj e VL]y^{X, adP). 

The basic equations ( |7.3CI| ) are introduced in this framework as sections of the triv- 
ial vector bundle V = x JF, where the fibre is in this case JF = f2^'+(X, adP) © 
i7^'"(X, adP) © i7°(X, adP). Taking into account the form of the basic equations, the 
section reads: 

s(A^)= (-2(P+ A{V^,V,^y,V2V^V^). (7.34) 



The section ( |7.34|) , being gauge ad-equivariant, descends to a section s of the associated 



vector bundle M. XgjF whose zero locus gives precisely the moduli space of the topological 
theory. It would be desirable to compute the dimension of this moduli space. The relevant 
deformation complex is the following: 



(7.35) 



— ^ fi°(X, adP)^l]f^)(X, adP) © l^(y)(X, adP) 

^n^'+{X, adP) © ^^--(x, adP) © fi°(X, adP) — > 0. 

The map C : fi°(X, adP) — > TM is given by: 

C{C) = {cIaC, i[V,C]), C e Q%X, adP), (7.36) 
while the map ds : T(^a,v)-M. — > T is given by the linearization of the basic equations 

dg): 



= (-4(I)[^^,])+ + 4^[V;[^,K]]+, 

4(P[^^,])- + V,^]-,V2V^ij^ + n)- 

(7.37) 

Under suitable conditions, the index of the complex ( [7.35| ) computes the dimension of 
Ker((is) /Im(C). To calculate its index, the complex can be split up into the ASD-instanton 
deformation complex: 

(1) n\X, adP)^n\X, a.dPf-^n^'+{X, adP) 0, (7.38) 
and the complex associated to the operator 

(2) D = p-dA + d\ : ^]l(X,adP) — > ^]°(X,adP) © fi2.-(x,adP), (7.39) 
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which is easily seen to correspond to the instanton deformation complex for self-dual 
(SD) connections. Thus, the index of the total complex (which gives minus the virtual 
dimension of the moduli space) is: 



-dim{M) = ind(l) - ind(2) = ind(ASD) + ind(SD) 
= Pi(adP)- 
= dim(G)x 



Pi(adP) + idim(G')(x + ^) - Pi(adP) + ^dim(G')(x - (r) 



(7.40) 



where pi(adP) is the first Pontryagin class of the adjoint bundle adP, x is the Euler 
characteristic of the 4-manifold X and cr is its signature. 



7.2.2 The topological action 

We now proceed as in the previous cases. To build a topological theory out of the moduli 
problem defined by the equations ( [7.30| ), we need the following multiplet of fields. For the 
field space J^ = Axfl^ {X, adP) we introduce the gauge connection and the one-form 
V^, both commuting and with ghost number 0. For the (co)tangent space T(^a,v)-M. = 
(X, adP) © Q^y^{X,adP) we introduce the anticommuting fields '^p^l aiid both 
with ghost number 1 and which can be seen as differential forms on the moduli space. For 
the fibre JF = n^'+{X, adP) © fi^ "(X, adP) © n^{X, adP) we have anticommuting fields 
with the quantum numbers of the equations, namely a self-dual two- form an anti-self- 
dual two- form xjiu ^ 0-form fj, all with ghost number —1, and their superpartners, 
a commuting self-dual two-form a commuting anti-self-dual two-form N~j^ and a 
commuting 0-form P, all with ghost number and which appear as auxiliary fields in 
the associated field theory. And finally, associated to the gauge symmetry, we introduce 
a commuting scalar field C G Q^{X,a.dP) with ghost number +2, and a multiplet of 
scalar fields B (commuting and with ghost number —2) and t] (anticommuting and with 
ghost number —1), both also in f2°(X, adP) and which enforce the horizontal projection 
Ai ^ Ai/Q . The BRST symmetry of the model is given by: 





= V'm' 






[Q,v,] 


= V'm' 




= ^K,ci 


[Q,C] 


= 0, 






{Q,xU 


= A^;., 


[Q,N+] 


= ^[xUci 




= N~ 




= ^[x''^u^ci 


{Q,v} 


= p, 


[Q,P] 




[Q,B] 


= V, 


{Q,v} 


= i[B,C]. 



(7.41) 
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This BRST algebra closes up to a gauge transformation generated by C. 

We have to give now the expressions for the different pieces of the gauge fermion. For 
the localization gauge fermion we have: 

^ loc = X-,v),s{A, V)) + X-,V), {N-^, N-,P)) = 

(7.42) 

while for the projection gauge fermion, which enforces the horizontal projection, we have: 

vI/p,oj = (i?,Ct(^,V5))g= / ^^r{B{-V,r + ^[i',,V''])}■ {7 A3) 

Jx 

As in the other cases we have studied, it is necessary to add an extra piece to the gauge 
fermion to make full contact with the corresponding twisted supersymmetric theory. In 
this case, this extra term is: 

^extra = ^ v^Tr { '-r][B , C] }. (7.44) 
It is now straightforward to see that, with the redefinitions 



A' = 


A, 


V' = 




v' = 












P' = 


-2V2P, 


C = 


1 c 


X^ = 




X = 


X~, 


B' = 


-2V2B, 


iV'+ = 




N'- = 


N-, 


v' = 


-2t], 











(7.45) 

one recovers, in terms of the primed fields, the twisted model summarized in (|7.25|) and 
(|7.26| ), which corresponds to the topological symmetry Q. 

It is worth to remark that one could also consider the "dual" problem built out of the 
basic equations: 

'F-^-t[V„K]- = 0, 

(%K])^ = 0, (7.46) 
P^V^ = 0. 

The resulting theory corresponds precisely to the second type of theory obtained in the 
previous section in our discussion of the third twist. The corresponding action has the form 
{Q, \E'~} where Q is given in ( |7.22|) and is the result of performing a 22-transformation 
(see (|7.14|) ) on the gauge fermion in (|7.24|) . 
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7.3 Observables 

In this section we will analyze the structure of the observables of the theory. Observ- 
ables are operators which are Q-invariant but are not Q-exact. A quick look at the 
Q-transformations ( [7. 121 ) shows that the observables are basically the same as in ordinary 
Donaldson- Witten theory. However, as there are two anticommuting BRST charges with 
the same ghost number, there exist correspondingly, two possible sets of operators: 

Wo =Tr(C2), Wo =Tr(C2), 

Wi=V2Tt{C Aifj), Wi = -V2Tt{C A4^), 

W2 =TT{lij AiP + -^C A F), W2 =Tr(^^/; A ^/i + -^C A F), 



2" " ' V2 ^ ^2" " ' 

=^Tr(V^ A F), W, = - ^Tr(^ A F). 



(7.47) 



They satisfy the descent equations [Q, Wi} = dWi-i, [Q, Wi} = dWi-i, which as we know 
imply that 

C)(T») = I Wi, and = I Wi, (7.48) 

for given homology cyles 7^- of X, are observables. It is interesting to note that VFo,i 
and Wq^i give observables which are invariant under both, Q and Q. What is more, the 
operator Wi is Q-exact, Wi = —^[Q,Tt{C A V^)], so it does not contribute to vacuum 

expectation values containing only Q-closed observables like 0^'^°\ itself and, as we 
shall see in a moment, O^'^^^ (besides the O^'^^^). Indeed, it is possible to modify W2 adding 
an irrelevant Q-exact piece so that the resulting observable is invariant under both, Q 
and Q. The perturbed two-form, 

W^ = Tr{-^ A^ + -^ Ai> + -^C A (F + 2iV A V) } 
2 2 ^/2 



W2 + ^{Q,TT{i^AV)} 



(7.49) 



is both Q and Q-closed up to exact forms 

[Q, W^] = [Q, W2] = dW^, [Q, W!,] = dW^. (7.50) 
The two-form W2 descends to a three-form in the cohomology of Q, 

dW^ = {Q,Wl,}, iy^ = iTr(^AF+i=d(V^Al^)), (7.51) 
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which is again the original three-form plus a (irrelevant) perturbation. However, this 
form is not Q-closed. We have not been able to find an appropriate additional irrelevant 
perturbation which would render W3 Q-closed. 

Completely analogous arguments hold for the operators Wi. Thus, the even operators 
Wq, W2, Wq and W2 lead to observables corresponding to the even homology classes of 
the four-manifold X which are invariant under both Q and Q. 

Topological invariants are obtained by considering the vacuum expectation value of 
arbitrary products of observables: 



JJC^^^M, (7.52) 



7j 




where it should be understood that Yl^^ O^'^^^ denotes products of operators and 
(9(7j) The general form of this vacuum expectation value is, 

e-^"^^"°, (7.53) 

where k is the instanton number and (H-y 0^^'^)k is the vacuum expectation value com- 
puted at a fixed value of k with an action which is Q-exact, 

HO^^A = /"[ci/Ue^«'*>n^^''^- (^-54) 

\ 7, / k 7j 

In this equation [df]^ denotes collectively the measure indicating that only gauge con- 
figurations of instanton number k enter in the functional integral. These quantities are 
independent of the coupling constant cq. When analyzed in the weak coupling limit the 
contributions to the functional integral come from field configurations which are solutions 
to the equations ( [7.30| ). All the dependence of the observables on tq is contained in the 
sum ([733| ). 

The Q-symmetry of the theory imposses a selection rule for the products entering 
(|7.52| ) which could lead to a possibly no n- vanishing result: the ghost number of (|7.52|) 



must be equal to the virtual dimension of the corresponding moduli space. In this case 
the virtual dimension is not zero but it is independent of the instanton number k, so 
one could obtain contributions from many values of k. Possibly non-trivial topological 
invariants for these cases correspond to products of operators ( [7.52|) such that their ghost 



number matches the virtual dimension dim(G)x- One important question is again whether 
the vacuum expectation values of these observables have good modular properties under 
SL{2, 2) transformations. We will now show that in fact these vacuum expectation 
values are actually independent of tq. Thus, in some sense the invariance under SL{2, 2) 
is trivially realized in this case. 

To see how this comes about, let us consider the action (|7.17|) (in its covariantized 



form) in which the auxiliary fields appear quadratically. The bosonic part of this action 
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involving only the field strength F^j, and the vector field can be written in three 
equivalent forms. The form of the action S = {Q, \E'+} — 2mkTQ, leads to 

- / d^x^Tii -i^(F+^'^-2z[\/^n^)' + 4((^^''^"')")' 

Jx ^^0 ^0 



(7.55) 



the form S = {Q, \E' } — 2TxikTQ, to 

Jx ^^0 ^0 

+ ^ ( ^^M^" ) ' } - 2^^^o^ ^ rfV V^Tr { *F,^F^^ ] , 

and, finally, the form S = ^{Q, §+} + 1{Q, - 27ri/cRe(ro), to 

Tr| i(F'''^-2z[r^,V'^])' + 2(I)[^r'^])2+ (P^r'^)'l 



(7.56) 



(7.57) 



Now in the short-distance limit the path integral is dominated by the quadratic bosonic 
terms in the action. In the first case, the contributions come from the moduli space defined 
by Eqs. ( |7.3CI| ). Notice that the normalization factor for in ( |7.45| ) has to be taken into 



account since ( [7.55| ) corresponds to the action resulting after the twisting. Similarly, in 
the second case the contributions come from the moduli space defined by Eqs. (|7.46|) . As 
for the third case, however, the contributions come from configurations which solve the 
following set of equations: 

'F^,-2i[V^,V,]=0, 

= 0, (7.58) 
^^¥^^ = 0, 

which define a moduli space which is the intersection of the other two. This is the moduli 



space which appears in the formulation of the third twist presented in [|73] . 

There are two different ways to understand that the theory indeed localizes on the 
moduli space defined by (|7.58|) . On the one hand, from the identity S = ^{Q,"^^} + 
^{Q, ^P^} — 27ri/cRe(ro), one can see that vacuum expectation values (Hj O^^^) are inde- 
pendent of the coupling constant Cq as long as the observables are simultaneously invariant 
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under both, Q and Q. In the case at hand this is true at least for vacuum expectation 
values involving products of operators 0^'^°\ 0^'^^\ and 0^'^''\ 0^'^^\ On the other hand, 
one could extend Witten's arguments leading to his fixed-point theorem [ 108 |, to argue 



that the theory should localize onto the fixed points of both the BRST symmetries Q and 
Q simultaneously, that is to say on the intersection of the zero loci ( |7.30|) and (|7.46|) . This 



could be thought of as some sort of generalized localization principle for topological field 
theories with more than one BRST symmetry. 

Notice that the three points of view lead to three different types of dependence on tq. 
The first one implies that vacuum expectation values are holomorphic in tq, the second 
that they are antiholomorphic, and the third that they depend only on the real part of tq. 
We will solve this puzzle showing that actually the vacuum expectation values are just 
real numbers and not functions of Tq. 

We first prove that any solution of ( |7.58| ) must involve a gauge connection whose 
instanton number is zero. Indeed, from the identity, 

/ d^x ^Ti { *F,,{F^- - 2i[V^, V^])-A* } 
Jx 

= [ d^xV^Tr{*F^,F^-}, 
Jx 

(7.59) 



follows that any solution of ( [7.58| ) must have k = 0. This implies that only configurations 



with vanishing instanton number contribute and therefore: 



JJO^^^M = / JJC^^^M , (7.60) 



which is clearly independent of tq. From ( [7.55| ) and (|7.56| ) follows that for A; = a solution 



to the equations of the first moduli space (|7.30|) is also a solution to the ones of the second 
(|7.46| ) and therefore also to the ones of the third (|7. 58|) . For k ^ 0, however, one can 



have solutions to the equations of the first moduli space which are not solutions to the 
equations of the second and therefore neither to the ones of the third. For k ^ the 
quantities ([{^^ 0^^^^)k are different in each point of view. They clearly vanish in the 
third case. On the other hand, there is no reason why they should also vanish in the 
other two cases. Our results, however, suggest that they do vanish. We have shown it 
at least for vacuum expectation values involving products of operators 0^"'°\ g^^^j 
Qi-ro)^ (9(72) _ 

We will end this section by recalling a vanishing theorem which has already been 
discussed in and which tells us when the third moduli space ( |7.58D reduces to the 
moduli space of flat connections. The equations ( [7. 581 ) have the immediate solution ^ = 0, 



F = 0, that is, the moduli space of fiat connections is contained in the moduli space defined 
by the equations (|7.58|) . We will show that under certain conditions both moduh spaces 
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are in fact the same. To see this note that since, 

/ d^x {1{F>"' - 2t[V^',V'']Y + 2{V^>'V''^Y + {V^V^'Y } 

Jx 4 

(7.61) 

it follows that if the Ricci tensor is such that 

R^^uV^V'' > for V ^ 0, (7.62) 

the solutions to the equations ( [7. 58] ) are necessarily of the form V = 0, F = 0, and thus 
the moduli space is the space of flat gauge connections on X. 
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We will now summarize the conventions used in this work. Basically we will describe 
the elements of the positive and negative chirality spin bundles S'^ and S~ on a four- 
dimensional spin manifold X endowed with a vierbein e"*^ and a spin connection o;^". 
The spaces of sections of the spin bundles and S~ correspond, from the field-theory 
point of view, to the set of two-component Weyl spinors defined on the manifold X. 
These arc the simplest irreducible representations of the holonomy group 5*0(4). We 
will denote positive-chirality (or negative-chirality) spinors by indices a, (3, . . . = 1,2 (or 
a,$,. . . — 1,2). Spinor indices are raised and lowered with the SU{2) invariant tensor 
Caf3 (or C^^) and its inverse C"^ (or C°^), with the conventions C21 = C^'^ = -|-1, so that, 

(A.l) 

The spinor representations and the vector representation associated to >S'~ are 
related by the Clebsch-Gordan a"^aa = (^1, ^) and ct"*"" = (il, -f), where 1 is the 2x2 
unit matrix and t — (r^, r^, r^) are the Pauli matrices, 

^-Co')' ^-Co-.)- 

The Pauli matrices satisfy: 

Tan = ieabcTc + Sab'^, (A. 3) 

where Cabc is the totally antisymmetric tensor with 6123 = 1. 

Under an infinitesimal SO (A) rotation a Weyl spinor M^, a — 1, 2, associated to 5"+, 
transforms as: 

SM^ = ^e„„(a'"")/M^, (A.4) 
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where e^n = —^nm are the infinitesimal parameters of the transformation. On the other 
hand, a Weyl spinor iV", a = 1,2, associated to S~ , transforms as, 

SN" = '-e^n{(T^nfpN^. (A.5) 
The matrices a'""' and a™" are antisymmetric in m and n and are defined as follows: 

mn P _ . ^n\af3 -mna, _ ^-[maa n] . ( A (\\ 

They satisfy the self-duality properties. 



mn _ ^ mnpq -mn _ _^ mnpq- / \ j\ 



and the SO {4) algebra, 

['^mji) ^pq\ ^(^^mp^^nq ^mq'^np ^np'^mq ^nq'^mp^ • (-A'^) 

The same algebra is fulfilled by a"*". 

Let us consider the covariant derivative on the manifold X. Acting on an element 
of r(X, S^) it has the form: 

D,M^ = d,M^ + ^a;7(a^„)/M^, (A.9) 
where a;^" is the spin connection. Defining Daa as, 

D^a = MaaC^'^D^, (A.IO) 

where e"''^ is the vierbein on X, the Dirac equation for M G r(X, S~^) and N G r(X, 
can be simply written as, 

D^^M" = 0, D^^N'^ = 0. (A.ll) 

Let us now introduce a principal G-bundle P ^ X with its associated connection one-form 
A, and let us consider that the Weyl spinors realize locally an element of r(5'+(S'adP), 
i.e., they transform under a G gauge transformation in the adjoint representation - indeed, 
adP is the vector bundle associated to P through the adjoint representation of the gauge 
group on its Lie algebra: 

SM^ = i[M^, <i)Y = -iiry^'M^J', (A.12) 

where (T")'"^ = —if"'^'^, a = 1, ■ ■ ■ ,dim(G), are the generators of G in the adjoint repre- 
sentation, which are traceless and hermitian. In ([A. 12|) 0°, a = 1, ■ ■ ■ ,dim(G), denote 



the infinitesimal parameters of the gauge transformation. 
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In terms of the gauge connection A, the covariant derivative ( |A.9| ) can be promoted 
to a full covariant derivative acting on sections in r(X, ® adP), 

V^M^ = d^M^ + + ^[^M. Ma], (A.13) 

and its analogue in (|A.10| ): 

V^a = Maae'^^V^. (A.14) 

In terms of the full covariant derivative the Dirac equations ( [A.ll|) become: 

V^o^M" = 0, V^c^N'^ = 0. (A.15) 

Given an element of r(X, ® adP), Ma = (a, b) we define = (a*, b*). In this way, 
given M,N E T{X, ® adP), the gauge- invariant quantity entering the metric 

^TT{WNa + N"Ma), (A.16) 

is positive definite. With similar arguments the corresponding gauge invariant metric in 
the fibre r(X, ® adP), which we define as 

^Tr (M^iV^ + iV^M"), (A.17) 

for M,N E r(X, S~ ® adP), can be seen to be positive definite, too. For self-dual two- 
forms Y,Z e T{X,A^'+T*X O adP) = fi2,+ (x,adP) our definition of the metric is the 
following: 

{Y,Z)= j TT{YA*Z)=^f Tt{Y,,Z^'')=-^- f Tr(F„^Z"^), (A.18) 

where Fq,^ = cr'^pY^y (and similarly for Z), and we have used the identity 

Ya^Z"" = -2Y+Z+^\ (A.19) 
Acting on an element of T[X, S'^ adP) the covariant derivatives satisfy: 

[D^, Vj\Ma = z[P^., Ma] + ^P;..™(a„„)/M^, (A.20) 
where P^^, are the components of the two-form field strength: 

F = dA + iAAA, (A.21) 
and R^^"^"' the components of the curvature two-form, 
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being a;™'^ the spin connection one-form. The scalar curvature is defined as: 

R = e^^e^R.r'', (A.23) 

and the Ricci tensor as: 

R.X = e'^menxR^^r''. (A.24) 

The components of the curvature two-form ( [A.22D are related to the components of the 
Riemann tensor as follows: 

RfiuKX (^Km,(^XnR^u • (A. 25) 

The Riemann tensor satisfies the following algebraic properties: 

(a) Symmetry: 

Rxfj.UK = RuKXfii (A. 26) 

(b) Antisymmetry: 

RXflUK RflXuK RXflKU ~\~ RflXnV 1 (A. 27) 

(c) Cyclicity: 

RxfiuK + RxKflu + RxuKu = 0. (A. 28) 
Notice that (|A.28|) implies that 

e'"''"'Rx,u. = 0. (A.29) 
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